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ABSTRACT
A fully kinetic analysis of the m = 2 tearing mode is performed for a tokamak
plasma including the effects of turbulent electron diffusion and runaway electrons.
Turbulent diffusion is included in the analysis by applying the normal stochastic
approximation (NSA) to the collisionless drift kinetic equation (DKE) for electrons.
A kinetic analysis inherently allows for the choice of various equilibrium electron
velocity distributions, thus enabling a comparison between a drifted Maxwellian and
a runaway-type distribution. This analysis is fully electromagnetic, including the
effects a magnetic fluctuation potential All as well as a finite electrostatic potential
0, and is valid in the low-beta, low-frequency regime. The electron response is
obtained by applying the NSA to the DKE, and the ion response is given by the
linearized Vlasov equation. Ampere's law and quasineutrality are then used to
derive a set of coupled, self-adjoint equations for the fluctuation potentials 4 and
Aii. Solutions to this set of equations describe both unstable finite-# drift waves
when analyzed for high m modes and the tearing mode when analyzed for low m
modes (where m is the poloidal mode number).
In the NSA, the tearing mode is assumed to exist on a background of drift
wave turbulence. The underlying drift waves produce overlapping phase space is-
lands, which lead to stochastic electron orbits. The NSA exploits the properties of
stochastic orbits to replace the nonlinear fluctuation terms in the orbit operator of
the DKE with a radial diffusion operator, -Det3 2 /d2 x, where De is the electron dif-
fusion coeffrien t. Results for the tearing mode indicate that stability is obtained for
suffiently large values of the diffusion coeffiient. Provided De - 1/n, this implies
that a density threshold must be surpassed before the tearing mode is observed.
Physically, turbulent electron diffusion prohibits the formation of a perturbed par-
allel current within a finite diffusive correlation distance x, ~ De/ 3 of the rational
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surface. This cuts into the available energy driving the tearing mode and reduces
it from A'(0) to a value of A'(ze). Here, A'(xe) is the difference between the log-
arithmic derivative of Ai, evaluated at a distance x, from the rational surface and
that value at a distance of -x,. Since A'(x) is typically a decreasing function of x,
then stabilization occurs when x, > W, where W is the nonlinear island saturation
width given by A'(W) = 0.
When a runaway-type distribution is used for the equilibrium electron distri-
bution in the place of a drifted Maxwellian, the real frequency of the tearing mode
is shifted to a value above the electron diamagnetic frequency w., by an amount
6w - nbVb. Here, nb is the density and Vb the velocity of the fast electron beam
which is used to model the runaway-type current. In addition, a new stabilizing
term appears in the expression for the growth rate proportional to bw. Physically,
this stabilizing- term represents the additional energy necessary to maintain the
particle motion at the frequency we + 6w. Since 6w = 0 for a drifted Maxwellian
equilibrium, this implies that stability is greater when a fast electron population is
present. At higher densities, these fast electrons relax back into the bulk population
due to the increased collisionality. Hence, the tearing mode stability is enhanced at
low densities due to the presence of runaway electrons. This runaway stabilization
is a higher order effect, however, and is only important for a tearing mode near
marginal stability.
The inclusion of a finite electrostatic potential gives an additional stabilizing
term to the dispersion relation, which physically represents ion inertial effects. This
ion inertial effect implies that, in the absence of both turbulent diffusion and run-
away electrons, the tearing mode is stabilized for ion betas #i above some critical
value, fl, where f, ~ A'(0). Hence, this ion inertial stabilization at high density,
combined with the stabilization by turbulent diffusion and runaway electrons at low
density, implies that it may be possible to operate a tokamak in a plasma regime
which is stable to the m = 2 tearing mode at all densities. For typical Alcator C
parameters, a tearing mode island of width W - .1 cm is suppressed for De > 10 4
cm 2 /sec and highly MHD unstable profiles providing large A'(0) are stabilized for
,3 > 10-3
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Tearing modes are a subject of current interest in plasma physics due to their
role in both space and laboratory plasma behavior. In space plasmas, tearing modes
are an important destabilization mechanism in spontaneous magnetic reconnection
phenomena, such as in the onset of substorms in the Earth's magnetotail (1,21. In
laboratory plasmas, such as in a tokamak, tearing modes play an important role in
the onset of major disruptions. It is generally agreed that major disruptions must be
totally suppressed in an actual fusion reactor in order to prohibit excessive damage
to the first wall. Currently, the most widely accepted theoretical model of major
disruptions features low poloidal number (low m) tearing modes which saturate to
produce magnetic islands. It is possible for such magnetic islands to overlap and
thus form large stochastic magnetic regions which enhance particle diffusion, and,
in the case of major disruptions, lead to catastrophic plasma confinement loss [3-6].
Hence, control of such disruptions requires the elimination or, at least, suppression
of these tearing mode islands.
Recent experimental results on Alcator C indicate the existence of a density
threshold which must be surpassed before the m = 2 tearing mode is observed {7].
Such an observation is inconsistent with the previous kinetic and resistive magne-
tohydrodynamic (MHD) theories of the tearing mode. Traditionally, the tearing
mode has been analyzed using resistive MHD theory which predicts instability for
A' > 0, independent of plasma density [3]. Here A' is the jump in the logarith-
mic radial derivative of the perturbed magnetic potential, Al, across the rational
surface. This is determined by integrating the ideal MHD equation for the vector
potential from the external region inward towards the rational surface. Typically,
experimental profiles indicate A' > 0, and hence the m = 2 tearing mode should
be observed at all densities according to resistive MHD. Besides resistive MH1, the
tearing mode has also been studied using a kinetic theory based on the collisionless
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drift kinetic equation (DKE)[8,9i. These studies i10-12] have shown that the "col-
lisionless" tearing mode can be stabilized by suffiiently large plasma beta 3 even
though A' > 0. Here the plasma beta 3 is defined to be the ratio of the plasma
kinetic pressure to the magnetic pressure. This stabilization at high 0 is the result
of the finite inertia of the ions combined with the fact that the collisionless tearing
mode has a real frequency given by we, where w.e is the electron diamagnetic drift
frequency. This high beta stabilization, however, indicates that the tearing mode
should only be observed at low densities which is contrary to observations on Alca-
tor C. It is the existence of a density threshold before the onset of instability, which
is in qualitative disagreement with the previous theories of the tearing mode, that
has motivated the present work.
In this study, two mechanisms are proposed as possible explanations of the
observed stabilization of the m = 2 tearing mode at low densities. The first is
stabilization by turbulent electron diffusion and the second is stabilization by run-
away electrons. In the calculation of the energy drive (represented by A') used in
the previous theories of the tearing mode, the positivity of A' is dependent on the
perturbed parallel current J1 becoming singular with odd parity about the ratio-
nal surface. It is the existence of a very large J near the rational surface which
gives rise to a positive value of W'. Turbulent electron diffusion, however, prohibits
the formation of a large Jl within a finite diffusive correlation distance x, of the
rational surface. As will be shown below, xc ~ Del/3 , where De is the turbulent
electron diffusion coefficien t. Hence, if turbulent electron diffusion is included in the
analysis of the tearing mode, then stability may be obtained for suffriently large
D,. Provided De ~ 1/n, this implies that the tearing mode may be stabilized below
some critical density.
Another important observation in tokamaks at low densities is the existence of
runaway electrons. At high densities, the equilibrium plasma current is described
by an equilibrium electron velocity distribution in the form of a drifted Maxwellian
with a drift speed much smaller than the thermal speed. In other words, the iequi-
librium current is composed of a small drift of the bulk electron population. At low
10
densities, however, the equilibrium current is carried by a small fraction of the elec-
tron population ("runaway" electrons) possessing speeds greater than the thermal
velocity. As the plasma density increases, so does the plasma collisionality, and the
runaway electrons relax back into the bulk distribution. This raises the question of
whether the MHD stability can be enhanced by the presence of a high energy sub-
population carrying the current. The inclusion of a fast population of electrons into
the tearing mode analysis may change the electron response in the region about the
rational surface and provide additional stability. Hence, the shift in the equilibrium
electron distribution from a runaway-type distribution to a drifted Maxwellian as
the density is increased may correspond to a shift from stability to instability for
the m = 2 tearing mode.
This study uses a fully kinetic approach to the tearing mode which includes
the effects of turbulent electron diffusion and treats the tearing mode as an electro-
magnetic fluctuation. A kinetic theory also allows the choice of various equilibrium
velocity distributions which give rise to the same equilibrium spatial current distri-
butions. In such a way the effects of a drifted Maxwellian to those of a runaway
distribution can be compared while fixing the equilibrium current distribution.
The effects of turbulent electron diffusion enter the analysis by applying the
normal stochastic approximation (NSA) to the collisionless drift kinetic equation
(DKE) for electrons, as is described below. The end effect of the turbulent electron
diffusion is to stabilize the tearing mode at suffiiently large values of the diffusion
coeffiient [13,141. This implies the existence of a density threshold provided the
electron diffusion coeffient scales inversely with density, De ~ 1/n. Physically,
electron diffusion prohibits the tearing region from becoming too small, whereas
in resistive MHD the layer thickness is limited only by dissipation, which alters
the growth rate without affecting stability. Electron diffusion prohibits the forma-
tion of a perturbed parallel current channel narrower than the correlation distance,
Xe = (De/k ve) 1 3 . This flattening of the perturbed current thus cuts into the
available free energy driving the tearing mode (represented by A') hence reducing
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the available energy to A'(x,) (as opposed to A'(0) in resistive MHD). Here, A'(xc)
is the difference between the logarithmic derivative of All evaluated at a distance
Xc from the rational surface and that value at a distance of -xe. For typical ex-
perimental profiles, A'(x) is a decreasing function of the distance from the rational
surface, x. The below results for the "magnetic" tearing mode (which neglects the
effects of the electrostatic potential k) give a growth rate scaling as -y ~ A'(x){13].
Hence, stability occurs when z > W, W being the distance where A'(W) = 0. Us-
ing the Alcator C parameters of L,/L, ~ 20, T ~ 1 keV, a - 20 cm and W/a ~ .05
indicates stability is obtained for De > 104 cm 2 /sec. This gives a value for the
density threshold on the order of that observed in Alcator C.
By treating the tearing mode as an electromagnetic fluctuation, the effects
of a finite electrostatic potential, 0, are investigated and found to be stabilizing.
Physically, the relevant stabilizing terms involving the electrostatic potential rep-
resent ion inertia. This mechanism is completely independent of electron diffu-
sion. In fact, when the diffusion is neglected, the tearing mode is stabilized when
i3j(rL,/La)1 /2 Z A'(0), indicating stability at suffiiently high plasma beta. Here,
T is the temperature ratio, L, is the shear length, L, the density scale length, and
O6 is the ratio of ion pressure to magnetic pressure. Using the Alcator C parameters
L,/L. ~ 20, pj/a ~ .002 and A'a - 10 indicates stability for Oi > 5 x 10-3. A
result identical to this was obtained previously by Basu and Coppi [11]. Physically,
this stabilizing effect represents that portion of the available magnetic energy driv-
ing the tearing mode which must be used to maintain the ion motion. In the kinetic
theory description the tearing mode has a real frequency (W = W.e) and large ion
inertia becomes a stabilizing effect. In contrast, for the purely growing modes of the
resistive MHD description, no ionic energy is required by the perturbation itself and
ion inertia does not influence stability but only the magnitude of the growth rate.
In this picture, the tearing mode is actually interpreted as an electron drift wave
under modification of the of the equilibrium, current gradient. This current gradi-
ent introduces an additional energy source which drives the low m "drift-tearing"
modes unstable. Hence, the inclusion of a finite electrostatic potential indicates
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that the tearing mode can be stabilized at sufluiently high densities in addition to
the stability at low densities discussed in the previous paragraph.
The analysis of the magnetic tearing mode using a drifted Maxwellian for the
equilibrium electron distribution gives a real frequency equal to w.e and a growth
rate -y A'(Xe). When the analysis is repeated using a runaway-type distribution,
the real frequency of the tearing mode is shifted to a value slightly above w,,. The
expression for the growth rate then contains a new stabilizing term proportional to
this frequency shift 6w = w -w.,. Physically, this additional stabilization represents
the additional energy required to sustain the particle oscillation at the frequency
w, + 6w. This runaway stabilization is a higher order effect and is only important
for a tearing mode near marginal stability; i.e., for a low density case where the
MHD energy drive is nearly cancelled by the ion inertial stabilization.
Chapter 2 discusses the mathematical model used in this treatment of the tear-
ing mode and presents the derivation of a coupled, self-adjoint system of equations
for the fluctuation potentials I, and . Section 2.1 deals with the electron response
and the development of the normal stochastic approximation (NSA), which enables
the effects of turbulent electron diffusion to be treated in a self-consistent man-
ner [15-18]. The electron response is obtained by applying the NSA to the drift
kinetic equation. In effect, the NSA amounts to a coarse grain averaging over the
micro-scale structure characterizing the stochastic electron orbits. These stochastic
electron orbits are the direct result of the presence of drift wave microturbulence.
The end result is that the nonlinear effects of turbulence are represented by the
appearance of a turbulent diffusion coeffient. In the limit where the electrons ex-
perience stochastic orbits, the NSA is essentially equivalent to the direct-interaction
approximation (DIA) [17]. Section 2.4 discusses the validity of treating the full spa-
tial diffusion operator with an approximate Krook-type diffusion frequency. This
Krook approximation amounts to replacing the diffusion operator, -DB 2 /x 2 , with
a diffusion frequency, w, = (}(k'V11) 2 D) 1/ 3 , in the equation for the nonlinear-elec-
tron response [18]. This leads to a much simpler mathematical treatment of the
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diffusion (both analytically and numerically). In physical terms, this model assumes
that the tearing mode exists on a background of drift wave turbulence. The pres-
ence of drift waves lead to stochastic electron orbits and hence turbulent diffusion,
which is treated in the electron response via the NSA.
The ion response is virtually unaffected by turbulent diffusion, and thus the
ions are treated with the linearized Vlasov equation in Sec. 2.2. In Section 2.3,
Ampere's law and quasineutrality are invoked to give a set of coupled, self-adjoint
equations for the fluctuation potentials, Al and q. This coupled system is fully
kinetic, globally valid over the entire plasma, and reduces to ideal MHD at large
distances from the rational surface. Since this system of equations for and A
is self-adjoint, a variational principle can be formed. This variational principle is
later used in the calculation of the dispersion relation for the tearing mode.
Chapter 3 examines the stabilization of the tearing mode by turbulent electron
diffusion. This is done by analyzing the full set of kinetic equations for 4 and
Al using a drifted Maxwellian for the equilibrium electron distribution. The goal
of Sec. 3.1 is to show what approximations are necessary to obtain the resistive
MHD results for the tearing mode from the above set of coupled equations for
All and 4. Resistivity is introduced in the Krook approximate model by replacing
Wc with a velocity collision frequency, v. After further reducing the coupled set of
equations for Al and 4 in an inner and outer region, a simple variational calculation
is performed which yields the resistive growth rate [31 for the tearing mode. The
important limits taken (unjustifiably from the kinetic point of view) in order to
obtain the resistive MHD results were (a) the asymptotic limit of taking the tearing
layer to be zero and thus obtaining the energy drive term as A'(0) and (b) the limit
of setting the electron diamagnetic frequency to be zero.
Section 3.2 presents a formal analytic proof demonstrating that the tearing
mode is stabilized for suffiiently large values of the diffusion coeftient, De, for
a system which is resistive MHD unstable, A'(0) > 0. This is done by identifying.
the appropriate terms in the variational integral as the energy drive for the tearing
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mode. In the ideal MHD limit, this drive yields the quantity Y'(0). Using the full
kinetic operators, however, the energy drive goes to zero for large values of the diffu-
sion coefficient and stabilization is achieved. Section 3.3 derives a simple dispersion
relation for the magnetic tearing mode in which the effects of the electrostatic po-
tential, 1, are neglected. The equation governing Al is solved to leading order in
an inner and outer region, and the dispersion relation is determined by applying
matching conditions to the boundaries at ±x,. The resulting dispersion relation
indicates the magnetic tearing mode to have a real frequency equal to the electron
diamagnetic frequency, we, and a linear growth rate proportional to A'(xc) [13].
This result is similar to the collisionless tearing mode as calculated by Laval et al.
[8] where they find -y A'(0). Numerical calculations indicate A'(x) to be a de-
creasing function of x; hence, stability is given by x, > W, where A'(W) = 0. This
condition for stability, A'(xe) = 0, indicates that the magnetic energy involved in
All and J1 outside the tearing region, jx[ > x,, is zero and thus no free energy is
available to drive the tearing mode. This is analogous to nonlinear estimates of the
magnetic island saturation width, W, given by the value where A'(W) = 0 [4,20].
The goal of Section 3.4 is to determine the dispersion relation for the tearing
mode including the effects of a finite electrostatic potential. This is done by a
variational calculation. The end result is that the effect of a finite electrostatic
potential, 4, produces additional stabilizing terms in the dispersion relation which
are independent of electron turbulent diffusion. This additional stabilization is
due to the inclusion of terms involving the electrostatic potential in the variational
integral which represent parallel and poloidal ion inertia. In the absence of electron
diffusion, the dispersion relation indicates that the tearing mode is stabilized by ion
inertial effects when Oi(rL,,/L,,)1 2 > A'(0), a result identical to that obtained by
Basu and Coppi [11]. The appearance of factor 3i is due to the available free energy
in the outer region scaling as B' whereas the ion inertial terms scale as nTi. Thus,
in addition to the stabilization at low densities due to turbulent electron diffusion,
the tearing mode is also stabilized at high density due to ion inertial effects.
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Chapter 4 examines the stabilization of the tearing mode by runaway electrons.
Section 4.1 derives the modified set of coupled equations for and AZi in the case
where the equilibrium electron distribution is a runaway-type distribution. For
simplicity, this distribution is modeled by a low density monoenergetic electron
beam superimposed of the tail of a Maxwellian. To see the effects of the fast beam
electrons, corrections of order wle/we must be calculated to the dispersion relation
presented in Chapter 3. Section 4.2 calculates these corrections of order W-e/we
for the "regular" tearing mode of Chapter 3, where the equilibrium distribution
is a drifted Maxwellian. Section 4.3 then calculates the dispersion relation for the
runaway tearing mode including terms of order we/we. These results indicate that
the real frequency of the runaway tearing mode is shifted above W., by 6w, where
b/w.we - nvb/(nove). Here nb and vb are the beam density and beam speed; and
no and ve are the bulk density and thermal speed. Consequently, an additional
stabilizing term appears in the expression for the growth rate of the form bw/w.
This additional stabilization represents the additional energy required to maintain
the particle oscillation at the beam shifted frequency. Hence, enhanced stability
results when the plasma current is carried by a beam of fast electrons as opposed
to a slow drift of the bulk electrons.
The goal of Chapter 5 is to develop a fluid model which is equivalent to the
kinetic theory in the NSA model. By using such an equivalent fluid model, the
physical processes in the tearing mode dynamics can be illuminated more simply
than in the NSA kinetic theory. Section 5.1 presents the derivation of the fluid
model by performing velocity moments of the NSA drift kinetic equation. In the
Krook approximation, the fluid model demonstrates that the NSA diffuses both the
perturbed density and the perturbed momentum at equal rates. The effective-rate
at which this diffusion occurs is w. Section 5.2 uses this fluid model to examine the
regular tearing mode and shows that the results are equivalent to those obtained in
Chapter 3 using the kinetic theory. Section 5.3 uses the fluid model to examine the
runaway tearing mode and shows that the results are equivalent to those obtained
in Chapter 3 using the kinetic theory. Section 5.4 presents a simplified fluid theory,
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in which the fluid model is reouced to the "bare basics" necessary to describe
the tearing mode including the stabilization mechanisms of turbulent diffusion and
runaway electrons. This simplified model reduces the mathematical analysis to a
minimum and, thus, allows the physics to be seen more easily.
Numerical results to the full kinetic description are presented in Chapter 6.
These kinetic equations are solved using two different numerical methods. The
first, and the more exact method, utilizes the initial value code TEDIT [19,21,22
and solves this problem including the full diffusion operator, -D 2/8X 2, in the
equation for the electron response. The second method uses a shooting code in
solving this problem in the Krook approximation, -Da 2 /a2 -+ w,. Both codes
are observed to give the same qualitative results, as predicted by the analytical
discussion in Sec. 2.4. The numerical calculations for the regular tearing mode
agree very well with the analytical expression for the growth rate as given by the
variational calculation in Chapter 3. The numerical results for the runaway tearing
mode are not quite as extensive as for the regular tearing mode. However, the basic
qualitative picture described by the analytic theory is supported. In particular, the
real frequency shift bw is observed to scale linearly with nbVb, and the stability is
observed to be enhanced over that of the regular tearing mode for a fixed value of
the equilibrium current.
A summary of this study is presented in Chapter 7 and suggestions for future
study are presented in Chapter 8. The remainder of this introductory chapter
presents the background theory of the tearing mode. Section 1.1 introduces- the
concept of spontaneous magnetic reconnection. Section 1.2 and Section 1.3 pre-sent
the basic theory of the resistive and collisionless tearing modes.
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1.1 Spontaneous Magnetic Reconnection
Spontaneous magnetic reconnection [2,91 can be viewed as a process in which
a specific magnetic field topology relaxes to a structure of lower potential energy.
The tearing mode instability is a mechanism through which this potential energy is
released during relaxation of the magnetic topology [11. Such a relaxation, however,
is prohibited in the ideal MHD model due to the "frozen-in law", which states that
the plasma and magnetic field lines must move together [23]. Thus, some "non-
ideal" form of dissipation is needed in order for magnetic tearing to occur, such
as particle collisions (resistivity), turbulence, or wave-particle resonant damping.
Despite this, ideal MHD is useful in describing the energy drive for the tearing
mode [8,24,25]. This is done by determining if a particular magnetic topology has
suffiient free energy available to render a tearing mode unstable and, hence, allow
magnetic reconnection to occur. Non-ideal effects are only important in a narrow
region in the plasma in which magnetic reconnection first occurs. Although such
dissipation is necessary for the existence of the tearing mode, the stability of the
tearing mode is determined by the global magnetic structure of the plasma outside
of this narrow region. For example, ideal MHD can be used to determine the
available free energy for various global magnetic structures such as magnetically
confined laboratory plasmas or the plasma in the Earth's magnetotail [26]. This
paper will focus on magnetic reconnection in a tokamak plasma.
A tokamak plasma can be idealized as a straight cylinder with an axial, or
toroidal, plasma current and a magnetic field primarily in the toroidal direction
with a somewhat smaller poloidal (azimuthal) component. Such a system exhibits
magnetic shear, that is, the strength of the poloidal magnetic field varies as a
function of plasma radius, whereas the toroidal magnetic field remains constant.
In the ideal MHD description, these magnetic lines trace out concentric cylincrical
surfaces. Magnetic shear prevents one magnetic surface at a given radius from
slipping pass another surface, hence, dissipation is necessary for these magnetic
surfaces to rearrange themselves. If the current profile within the plasma becomes
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too peaked. thus developing steep gradients. it is possible for there to exist suffiient
free magnetic energy which will, in turn, drive a tearing mode unstable [3]. When
this occurs, it is possible for -the magnetic surfaces to rearrange themselves through
magnetic reconnection. This relaxation leads to the formation of magnetic islands
about the mode rational surfaces [27], as illustrated in Fig. 1.1.
The fundamental physical processes involved in magnetic island formation [27]
are illustrated in Fig. 1.2. Consider introducing a radial magnetic field perturbation
of the form
B,(r, t) = B,(r) exp[i(mO - nz/R - wt)] (1.1)
near the mode rational surface, r8 , where q(r,) = m/n. Here q(r) = rBT/RB,
where BO is the poloidal magnetic field, BT is the toroidal magnetic field, and R is
the major radius of the tokamak. In resistive MHD, w i-y, as will be shown below.
The poloidal field lines now experience a radial undulation. Those lines close enough
to r, are pulled completely through the rational surface to form magnetic island
structures. If B, is allowed to grow in time, then Faraday's law requires there to
exist an electric field in the axial direction (according to i2, = -imE&/r). In ideal
MHD this is not allowed, hence, such a perturbation would remain infinitesimal.
However, if a finite resistivity is permitted, then there will exist an axial electric field
which thus enables magnetic reconnection to occur. As the magnetic islands expand
radially, the plasma fluid flows with it and forms vortex-type flow patterns. (See
Fig. 1.2.) These islands would continue to grow until they saturated nonlinearly by
exhausting all the available free magnetic energy.
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Figure 1.1







Schematic diagram showing the perturbations produced by the tearing mode,-and
the process leading to magnetic island formation.
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It is important to note that a nonzero E, is only needed in a thin layer about
the rational surface in order for the magnetic reconnection process to occur. The
existence of this E3 requires the presence of dissipation or some other non-ideal
process (such as finite electron inertia). Outside of this thin layer, the plasma
is adequately described by ideal MHD. As mentioned previously, the structure of
the outer ideal MHD region determines the available free energy. This free energy
is then dissipated in the thin non-ideal region about the rational surface where
reconnection occurs.
The available free energy for the tearing mode can be calculated using Ampere's
law,
2i i = 0, (1.2)
where the displacement current has been neglected due to the low frequency of
the tearing mode. For this problem a sheared, slab geometry is chosen with the
equilibrium magnetic field given by B = B(e + x/Ley) with b = B/B. Here,
L, = -Rq 2/rq' is the shear length, and x = 0 is chosen to be the position of the
rational surface. Throughout the following, a tilde is used to denote fluctuation
quantities. Here, 4 and A represent the perturbed electrostatic and vector poten-
tials respectively, E represents the perturbed electric field, and B represents the
perturbed magnetic field, such that B = V x A. Also, the spatial coordinate x will
be normalized in units of the ion gyro radius, pi.
The tearing mode is defined to be a magnetic perturbation arising from a
perturbed parallel vector potential. That is, A = Alb and B = V x Allb. Note
that the perpendicular components of A give rise to parallel components of B.
These parallel components of h compress the equilibrium magnetic field, and this
compression requires much more energy than that required to bend the field lines
perpendicularly. Since such compression of the magnetic field lines is stabilizing,
an unstable magnetic perturbation tends to minimize its parallel component.
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The parallel component of the low-frequency version of Ampere's law is given
by
b . V 2A ib + 4 il = 0. (1.3)
C
Note that V 2 (b-A) b . V 2i +A. V 2b+ 2(VA) (Vb). Recall that this problem
assumes slab geometry with I x j< a and a/L ~ 10-1. For this geometry, the
above equation becomes
b -V 2Ab= V 2Aj + L- 2AZ + L'(A'x/L, + A'),
where higher order terms in a/L, have been neglected. Notice that A, i A~ l and
Ay ~ Ajx/L,. Assuming that Aj/Ag ~ 1/a, then this implies that the last term
in the above equation scales as L, 2Al. Hence,
b. V 2 1 1b ~ V2
where terms of order a2 /L2 have been neglected.
Thus, in the low-frequency, low-shear limit, the parallel component of Am-
pere's law is given by
±2g $5ii = o. (1.4)
Multiplying this equation by All, integrating over the plasma and performing an
integration by parts gives the integral
S = J dx [A2 + p2k2A2 e[ 1.5
where, by construction, S = 0. Here, Jjle,[Al] is a general operator representing the
perturbed parallel current, and ±a represents the edge of the plasma. Physically,
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S = 0 represents the conservation of energy across the plasma for the perturba-
tion Ai. By excluding the narrow region about the singular surface, however, the
resulting expression for the integral S can be interpreted as the energy drive for
the tearing mode[8,13,24]. Physically, the integral over the outer region represents
the free energy released by the perturbation All, while the integral over the narrow
region about x = 0 represents the energy absorbed by the plasma during the tearing
process.
To demonstrate that the integral S represents the energy associated with the
tearing perturbation All, it is helpful to consider the following heuristic arguments
based on Poynting's theorem,
d
at
where i = (B 2 + Z 2 )/87r is the energy associated with the fluctuations B and E;
s = (k x B)c/47r is the Poynting vector for the fluctuating fields; and tb = (i -h)
is the power due to interaction of j and k. Integrating the above expression over
the plasma volume gives
/t 87r1 ~6P o (2 E3_ J- =0
where it was assumed that i = 0 on the plasma surface. Physically, bP represents
conservation of power for the fluctuating fields.
In applying the above expression to the tearing mode perturbation, B = V x
Alb. Recall that A = Allb, since perpendicular components of A lead to parallel
components of b which provide strong stabilization from magnetic line compression.
An unstable tearing mode inherently minimizes B11 and hence the compressional
stabilization.
To analyze the energy drive for the tearing mode, the above expression for 6P
is analyzed in the region outside the thin tearing layer at x = 0. In this region,
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ideal MHD is valid which states 0. Hence, 6 cAi k. . The perpendicular
electric field is given by ]b = -Vi. Notice
= f d'xikikjll
where V J 0 was used. Hence,
J d3 xtw -j J d 3 x
and the expression for 6P becomes
bP= J dx{ a [I fL 2 + V (oA/kc) 12
where I B 1 12-1 V1 A11 2. Notice that in the outer region the second term in the
above equation can be neglected due to the smallness of w/klc.
To find an expression for the energy, the power 6P is' integrated over time.
This gives
6W= ~d3x| vZA |2
87r C
Hence, the identification can be made that
S = 87r ' bW
and, thus, S represents the energy associated with the perturbation Al. Here, Ly
and L, represent the length of the slab of plasma in the y and z directions, and
the factor pi has appeared since x is normalized in units of pi in the expression for
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S. Note, however, that the above heuristic arguments do not correctly describe the
plasma at x = 0. In order to do so, the effects of finite E9 must be considered.
In order to derive an expression for the energy drive of the tearing mode, it
is necessary to calculate the ideal MHD form for the perturbed parallel current.
To do this, the linear form of the ideal MHD momentum equation is used while
neglecting the plasma pressure (low-3) and inertia (marginal stability). Hence, in
the low-beta limit at marginal stability (a = 0),
~ B1L
B0
The above expression indicates that the perturbed perpendicular current is due
to the particles free streaming along the undulating magnetic field lines. Using
V J = 0 then gives
- - Al, (1.6)
which is the ideal MHD form for the perturbed parallel current. Here, k1l = k'x,
where k' = ky/L. Notice that in the ideal MHD limit ill is singular at the rational
surface, x = 0.
The energy drive integral, S, is then evaluated by letting Al satisfy the ideal
MHD form of Ampere's law,
d2 2  47r 2 kYJ
-k Bo A =MHD 0. (1.7)
This then gives
SMHD = -A 2 A, (1.8)11) 0'
where limxI)o[AllA'1 (xo) - AllA'(-XO)]MHD .A Here, A' represents the
jump in A, across the singular surface. If A' > 0, then there exists suffiient free
26
energy in the outer MHD region to drive the tearing mode [281. Notice that in "pure"
ideal MHD alone, such singular behavior of Al and jump conditions in A' are not
allowed to occur in the plasma. Hence, a nonzero A' is only allowed by assuming
the existence as a non-ideal MHD region in a thin layer about the rational surface
[29]. The above development assumed low shear in the outer region. However, the
above definition of the energy drive A' as being the jump in A across the rational
surface holds even in systems with high shear in the outer region.
In the-above calculation of the energy drive, A'., the tearing region in which
dissipative effects are important was assumed to be infinitesimally thin. In a kinetic
theory treatment, as will be outlined below, the effects of spatial turbulent diffusion
broaden this dissipative layer to a significant width [13,14]. This has the effect of
cutting into the available energy in the outer MHD region and thus reducing the
energy drive to a value smaller the L'J. In general, it is possible to define the
function
A 2( '(x) = [AI IA'(x) - AIIA' (-X)]MHD. (1.9)
For typical tokamak profiles, A'(x) is a monotonically decreasing function of x [30-
33]. For simplicity, a linear form for A' will be used
A'(x) ~ Ao(1 - x/W). (1.10)
Physically, Ao represents the energy drive in the limit of an infinitesimally thin dissi-
pative layer and W represents the width at which a magnetic island will nonlinearly
saturate [20].
The expression for the ideal MHD energy drive SMHD, given by Eq. (1.8),
implicitly assumes that the non-ideal dissipative layer is infinitesimally thin. How-
ever, if there exists a dissipation- mechanism which produces a layer of finite vwdth,
then this inner non-ideal region must be excluded from the ideal MHD energy in-
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tegral. If this is done, then the expression for the ideal MHD energy drive becomes
SMH> - A'(xI), where z, is the width of the dissipation region. For example,
as will be discussed below, the effect of radial turbulent diffusion on the tearing
mode will be to reduce the available energy from A' to '(A'). Here, xe is the
diffusion correlation distance (and the width of the dissipative layer) whose value
increases with increasing value of the particle diffusion coeffiient D. In general,
if A'(xc) > 0, then there exists suffrient free energy, thus enabling spontaneous
magnetic reconnection to occur.
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1.2 Resistive Tearing .
As mentioned above, ideal MHD is inadequate to describe magnetic reconnec-
tion. The "frozen-in" law of ideal MHD prohibits magnetic lines and surfaces from
slipping past one another, hence, prohibiting magnetic reconnection [23]. However,
if a form of "non-ideal" dissipation is introduced in a small region about the rational
surface, then it becomes possible for magnetic reconnection to occur. In the resistive
tearing mode, this non-ideal dissipation appears in the form of collisional resistivity.
Traditionally, the resistive tearing mode is described using resistive MHD [3,34]. In
resistive MHD, the ideal Ohm's law E + (V x B)/c = 0, which describes frozen-in
field lines, is modified to include resistivity, E + (V x B)/c = 77J. This then al-
lows the formation of parallel perturbed electric fields and, hence, allows magnetic
reconnection to occur. Here the resistivity r7 is a Spitzer-type collisional resistivity
[35], r7 = (meve/2ne2 ), where v, is the Braginskii electron collision frequency [36].
In practice, this resistivity is neglected everywhere except in a small resistive layer
within ±xo of the rational surface. Hence, the resistive MHD model reduces to ideal
MHD outside this resistive layer.
. As discussed in Sec. 1.1, ideal MHD is used to describe the energy drive for
the tearing mode in the region outside of the dissipation layer. The ideal MHD
energy drive in the outer region is defined as the negative energy resulting from the
integral
S2
~Zo a dAg 2 47r 2
S = j dx + dx + p k - -pii JA] . (1.11)f-a fx( dY 1
Here, ±a represents the plasma edge, ±xo represents the edge of the resistive layer,
and x has been normalized in units of the ion gyroradius pi. The first two terms
in SOUT represent stabilizing line bending energy, whereas the last term represents
the energy resulting from the interaction of the perturbed parallel current wit-h the
magnetic potential. In ideal MHD, J11 is given by Eq. (1.6), as discussed in Sec. 1.1.
29
Equation (1.11) can be evaluated by requiring Ail to satisfy the ideal form of
Ampere's law, given by Eq. (1.7). After integrating by parts, SOYTT becomes
SOUT lim [A114j1(X0) - --I DZ()- MHD
S-A 0 A/. (1.12)
Here, A' represents the jump in A across the singular surface in the limit of an
infinitesimally small resistive layer. Physically, A' represents the free magnetic
energy of the outer region which is available to drive the tearing mode [28].
To determine the dispersion relation and, hence, the growth rate of the resistive
tearing mode, it is necessary to consider the dynamics within the dissipative layer.
Specifically, the energy source in the outer region SOuT must be balanced against
the energy sinks in the inner region, SIN. In the resistive MHD model, the energy
integral in the inner region, SIN, has two significant contributions. The first is the
kinetic energy associated with the fluid motion of the plasma and the second is the
energy dissipated through existence of a finite resistivity. Hence, a heuristic energy
integral in the inner region can be written as [37]
ISIN dx 
_-# Z . (1.13)
87r J2 2cr 1 I
The first term in Eq. (1.13) represents the kinetic energy of the fluid motion of the
plasma (finite ion inertia) and the second term represents the energy dissipated into
thermal motion of the plasma through collisional resistivity. The second term results
form the interaction term plj 1jA 11/2c [see Eq. (1.11)], and the relation Eg = rSZ1.
In the resistive MHD model, the primary fluid motion of the plasma is the
E x B motion, V = c(k x B)/B 2 . Using the fact that E= -ikO + iwAllb/cAthen
Eq. (1.13) can be rewritten as
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SIN [c2 min 2 d 2 k 2  ( W
87r - x[2B 2  Y + 4kulo!2  + 2 / P - All All (1.14)
The integral SIN is evaluated using a variational technique [37]. To perform
a variational calculation, suitable trial functions for 4 and All must be chosen.
This is done by noting that at the boundary ±xo the trial functions for 4 and A11
must match onto the ideal MHD solutions. Numerical solutions of the ideal MHD
Ampere's law, Eq. (1.7), indicate that for realistic geometries and current profiles
AHIMHD is a positive, slowly varying function near the rational surface. Hence, as
is done in resistive MHD calculations, Al is chosen to be a constant in the inner
region. (This corresponds to the "constant i/" approximation of resistive MHD
[3j.) Using the fact that in the outer region iu = 0 implies 4 = (wA 1 ;/k Ixc). This
fact along with the observation Al = Al( = constant in the inner region implies
that 4 must be an odd function about the rational surface. Hence, a suitable trial
function for 4 is a linear function which satisfies the condition 4 = (wAluo/kIxgoc)
at x = ±xo. Thus, SIN is evaluated using the following trial functions:
Au = Allo = constant
and
x wewAiio 1
= 4o0, where o = - . (1.15)
xo kli pic X0
In the evaluation of SIN, the boundary x0 serves as the variational parameter
Since the trial function for 4 is linear in x in the inner region implies that the
second and third terms in Eq. (1.14) can be neglected. Inserting the above- trial
functions into Eq. (1.14) and performing the integrals gives
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SIN C cmin i w Ai10  1 zwpiA10  I
A 2  
_Y~c o ) 2 
_Y~r 2 X 0
= A2 47r VAkrp) 2 + (1.16)
where vA = (B 2 /47rnomi) and w = i-y. Notice that in the resistive MHD picture,
the tearing mode has zero real frequency [3].
To find the resistive layer width xO, the variation of SIN with respect to xO is
set equal to zero, SSIN/6xo = 0. This gives
2 1/4
XO = [7 .v2k1P 4 (1.17)
Inserting this into Eq. (1.16) then gives
SIN 2 4 3 1 5 1/S= A [ P] (1.18)
8ir 3 v2k 2C63
The growth rate for the resistive tearing mode is found by setting the total
energy equal to zero. Hence, setting S = SOUT + SIN = 0, using Eq. (1.12) and
Eq. (1.18), gives
1 4 3 15
-2 = -p;(1.19)
87r 0 3 47 v 2k 12C6 73
The left hand side represents the free magnetic energy from the outer regionland
the right hand side represents the energy absorbed in the inner resistive layer. The
energy absorbed in the inner region has two contributions. The first is the energy
required to sustain the perturbed fluid motion of the ions and the second if the
energy dissipated into the plasma through finite resistivity.
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Solving Eq. (1.19) for the growth rate gives
AO ) 4, (4kr2 2C, 7r/5 .VkJ (1.20)
327r pi 3
Rewriting the above expression in standard notation [27] gives
-.37T /5 -2/5 ( 4/5 a (1.21)R .3r A (ta) 1 R q2,
where r = (4ra2 ./c2 r'), TA = a/VA, a = plasma minor radius, R = plasma major
radius, m = poloidal mode number and q = plasma safety factor. More accurate
resistive MHD calculations indicate the constant .37 should be replaced by .55 [3,38].
The analytical calculations necessary to obtain the factor .55 are very tedious and
they yield the same parameter scaling as indicated by the above expression.
To summarize, the resistive growth rate is determined by balancing the ideal
MHD energy drive from the outer region, represented by A', against the energy
required by finite ion inertia and finite resistivity in the inner region. In the resistive
MHD model, the tearing mode has zero real frequency and a growth rate given by
Eq. (1.21). Instability occurs provided A' > 0. Recall that in the evaluation of the
outer energy drive A', the limit of an infinitesimally thin layer width is assumed,
xO -+ 0. Notice, from Eq. (1.17), that xo ~ -y/4 and, hence, xo -+ 0 as -1 -+ 0.
Likewise, the energy absorbed in the inner region by both finite ion inertia and
resistivity goes to zero with the growth rate, as indicated by Eq. (1.18). The key
dissipation mechanism in this model is, of course, collisional resistivity.
Resistive MHD calculations of the tearing mode have also been performed for
the general toroidal case, including finte-beta effects and incompressibility [32,39].
These results indicate that stability is obtained when A' < A,(,). Here zc(#)
increases with 0. However, A, is close to zero except for high values of 13 [32,40].
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1.3 Collisionless Tearing
In Sec. 1.2, the dissipation mechanism which allowed field line reconnection
to occur was collisional resistivity. It is often the case, however, that the plasma
collision rate is too low to yield large enough linear growth rates corresponding to the
observed time scales on which magnetic reconnection occurs. Such is the case in the
Earth's magnetotail [41,42]. In such collisionless plasmas, the dominant dissipation
mechanism which allows magnetic reconnection to occur is either that of wave-
particle resonant interaction [43] (Landau damping) or that of some turbulent (or
anomalous) dissipation [44,45]. In this section, a non-collisional and non-turbulent
plasma is considered, where the dominant dissipation mechanism is that of wave-
particle resonant damping.
To study the basic collisionless tearing mode [1,8,91, a sheared-slab geometry
identical to that in Sec. 1.2 is used. Instead of an MHD fluid treatment as used
in Sec. 1.2, however, a kinetic approach is used here based on the drift kinetic
equation (DKE) [46,47]. To simplify the analysis, only the electron dynamics need
be considered, whereas the ions are assumed to form a stationary background. Also,
only the effects of a perturbed perpendicular magnetic field B1 = VAI x b need be
considered, whereas the effects of a finite electrostatic potential can be neglected,
= 0. To calculate the dispersion relation for the collision tearing mode, the energy
integral obtained from Ampere's law, Eq. (1.5), is again utilized. Hence, only the
perturbed parallel electron current need be calculated. This is done by solving the
linearized DKE for the perturbed electron distribution fe and then performing the
appropriate velocity moment.
To begin with, the electron dynamics in the presence of a magnetic field per-
turbation B 1 are described by a DKE of the form
( +vilb-V+3d2 -V 1 -- -El fe=0. (1.22)(at m 49VI
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The perpendicular motion of.the guiding centers is given by
_ B1= (1.23)
which states that the perpendicular motion arises from the guiding centers free
streaming along the undulating field lines B = Bo + B 1 .
Letting fe fe + fe, where fe is the equilibrium electron distribution, then
the linearized equation describing fe is
( +viib-V fe= (B, e fe. (1.24)
at Bo m '9VI
The effects of the equilibrium electric field enter the above equation only through the
current-carrying piece of fe. The equilibrium distribution is chosen to be a drifted
Maxwellian with drift speed VD and thermal speed v, = (2Te/me)' 2 satisfying
VD/Ve < 1. Hence, Ye is given by
no(z) vi 2VD7I
, = A + fi = exp )+ 2 fo. (1.25)
As it turns out, the term proportional to Ek1(afi/dvij) on the right hand side
of Eq. (1.24) can be neglected. This is because at large x (outside the dissipation
layer) the plasma is described adequately by ideal MHD which states E1 = 0; while
at small x (inside the dissipation layer) the plasma dissipative process of Landau
damping is independent of the plasma equilibrium current. Assuming the Fourier
dependence fe - x() exp[i(kyy + kz - wt)], then Eq. (1.24) becomes
-i(w-k 11vj)fe= VT [W fo+w.eL,,a (fo + fi) (1.26)
where we= (cTky/eBLn) and L; 1  -(d in n/dx).
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The perturbed parallel current is given by taking the first velocity moment of
fe. Using Eq. (1.26) gives
2 en 00  -I
jle = dvl (w - we) v2 - 1J7wev 3 VII - fo (1.27)
where I = (2J' Ln/enve).
To determine a dispersion relation, the energy integral given by Eq. (1.5) is
used. Again, as in Sec. 1.2, this integral is divided into an inner (dissipative) and
outer (ideal MHD) region. For the collisionless tearing mode, the boundary of the
dissipative layer occurs at |xf = xO, where xO is a few times xe = (w/kIv,). This is
chosen since Landau damping becomes significant at xj = xe. To find J1 at large
x, |xj > xo, the resonance function can be approximated as (vlj - w/k)- 1  ~ V_ .
In this case, ill becomes in the outer region
JJJOUT - Al kyI B> X0 (1.28)
which, as discussed previously, is the ideal MHD response.
In the inner region, jxj < xO, the leading order contribution is from the imag-
inary piece of the resonance function. Hence, approximating (v11 - w/kg)-l
igrb(vl - w/ kjI) gives
Jf1IN _i-/7r v,_Zlv2 I - 1 <\ I1 exp (- I e ), < X0 (1.29)
cT el Wi IX \ Xl Xj
The dispersion relation is found by setting the total energy equal to zero, S -
SOUT + SIN = 0, where
SOUT= ( dx +f. dx [ + ky ourA ] (1.30a)
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SIN J ix 2 k A JIN iI- (1.30b)
In the outer ideal MHD region, SOTr can. be evaluated by Iequiring All to
satisfy the ideal MHD version of Ampere's law given by Eq. (1.7). Hence, SOUT
can be evaluated approximately to give
SOU : - lim [AIAj(xo) - A A(-xo)]Zo -0 MHD
= -A 2 0 '. (1.31)
Again, the thickness of the dissipation layer has been neglected to yield the ideal.
MHD energy A'.
In the inner dissipative region, SIN is evaluated in the "constant 7P" approxi-
mation where Al is taken as constant. Using the approximation
dx 3 exp (~ 2) L e j dyye - Xe
then SIN becomes
W 2 (W -W-e)A2
SIN - -2i/+ 2 A (1.32)
C k'Ve
where the term proportional to k in Eq. (1.30b) has been neglected.
Setting S = SOUT + SIN = 0 gives the dispersion relation
A' = -2i c2 k we). (1.33)




2 = - ' (1.34)
which is smaller by a factor of 1/2 than the value of y given by more accurate
calculations [1,8,9].
, The dispersion relation, Eq. (1.33), can be viewed as a balance between the
ideal MHD energy produced in the outer region and the energy dissipative near
the rational surface due to resonant wave-particle interactions. The drift frequency
w.e appearing in the expression for the dissipation can be viewed as a Doppler
frequency shift resulting from the perturbed motion of the electron guiding centers
relative to the laboratory frame. Also, notice that in the calculation of the outer
ideal MHD energy, the thickness of the dissipation layer was ignored, as was done
in the resistive MHD calculation. An important difference between the description
of collisionless tearing and resistive tearing is that the collisionless mode has a real
frequency w.e, whereas the resistive mode was purely growing, W = iY.
Recall from Sec. 1.2 that the resistive tearing mode can be viewed as a balance
between the ideal MHD energy of the outer region and the energy absorbed in
the inner region. The energy absorbed in the inner region went into (1) resistive
dissipative heating and (2) sustaining the ion motion due to their finite inertia.
For the basic collisionless tearing mode represented by Eq. (1.33), however, the
ions were assumed to be stationary and, hence, ion inertial effects were neglected.
If the ion motion was included in the collisionless tearing mode energetics, then
an additional stabilizing term would appear in the dispersion relation representing
the energy necessary to sustain the ion oscillation at frequency we. More accurate
calculations [9,10] indicate that the collisionless tearing mode can then be stabilized
provided
LS ) 1/2 (2Te 1/2
13io > - - PW dO, (1.35)(2 L, Ti
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where I(, is a constant of order unity. Hence, by including the ion dynamics, the




In a tokamak plasma, the effects of plasma turbulence play a major role in
determining the overall properties of plasma transport. Thus, it is clear that any
correct theory of plasma transport must include turbulence. Likewise, in the study
of plasma instabilities, it is apparent that the effects of plasma turbulence on the
instability itself may play an important role. In particular, in this study the major
turbulent effect to be considered is that of electron spatial diffusion.
A mathematical model is developed, based on the normal stochastic approx-
imation (NSA), which includes self-consistently the effects of turbulent electron
diffusion [15-183. The NSA is a theory for the nonlinear, turbulent response in a
system with intrinsic stochasticity and long-lived fluctuations. Intrinsic stochastic-
ity [48-50] implies that a diffusive process arises from the chaotic structure of the
particle orbits resulting from overlapping phase space islands. Hence, it is necessary
for the underlying turbulent fluctuations to be suffriently large as to satisfy the is-
land overlap condition [51}. The assumption of long-lived fluctuations implies that
a hierarchy of statistical averages can be performed. That is, a microscale average
over the fine-scale structure of the particle orbits can be performed while holding
the statistics of the wave fluctuations fixed. This disparity in scales between the
orbits and the fluctuations arises when the lifetime of the long-scale fluctuations
associated with the waves, rac, is long compared to the Kolmogorov time [523, rk,
characterizing the rate of the randomization in the particle orbits. Hence, the NSA
assumes rc > rk. In contrast, theories such as the direction interaction approxi-
mation (DIA) [53-55 are capable of treating a system which is described by oiily a
single scale length and, hence, are more likely to be valid in the regime rk > r,,. In
such a system, the important turbulent phenomenon is the nonlinear interaction of
the waves themselves as opposed to the stochastic behavior of the particle orbits,
as is treated in the NSA.
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In Sec. 2.1, the electron response is derived by applying the NSA to the drift ki-
netic equation. In the NSA formalism developed here, the tearing mode is assumed
to exist on a background of drift wave turbulence. These turbulent drift waves
produce overlapping islands which in turn lead to stochastic electron orbits. The
NSA makes use of the observation that the turbulent perturbations to the electron
orbits exhibit pathologically complex, fine-scale structures which are produced from
relatively simple, long-scale wave fluctuations. Since the spatial structure character-
izing the electron orbits is much finer than that characterizing the wave potentials,
it is possible to separate the statistics of the particle orbits from the statistics of the
wave potentials by a coarse-graining procedure. This procedure is a microscale av-
eraging over the orbit perturbations which is performed while holding the statistics
of the wave potentials fixed. The NSA assumes that the orbit perturbations can be
treated as a normally distributed random variable with variance (6x 2 ) = 2Dt. The
end result of the NSA is that the nonlinear effects of turbulence are represented
by the appearance of a radial diffusion operator, -Dd 2 /4 2x, in the drift kinetic
equation.
The ion response is presented in Sec. 2.2 according to the linearized Vlasov
equation. Note that the effect of turbulent diffusion is to smooth out the structure
of the response functions over the length scale x,. Since the ion response functions
are characterized by a scale length xi satisfying xj > x, the turbulent diffusion has
no appreciable effect on the ion response. In Sec. 2.3, the electron and ion responses
are combined through Ampere's law and quasineutrality to yield a coupled, self-
adjoint system for the electric and magnetic potentials q and All. Since this system
is self-adjoint, a variational principle is then formulated. Section 2.4 introduces
approximate forms for the resonance operators which appear in the NSA treatment
of the electron response. Also presented is the Krook approximation to the NSA,
in which the operator -Da 2/dX 2 is replaced by an effective diffusion frequency w.
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2.1. Electron Response: The Normal Stochastic Approximation
The major goal here is to develop a model which includes the effects of turbulent
electron diffusion in a self-consistent manner. In the NSA formalism, the lifetime
of the long-scale potential fluctuations of the waves, r, is assumed to l&long
compared to the Kolmogorov time, rk, characterizing the rate of the randomization
in the particle orbits [52]. The amplitude of the wave fluctuations must be suffi-
ciently large such that the phase-space islands overlap, thus, producing stochastic
particle orbits. For example, in the case of drift waves, the island overlap condition
is satisfied for very small fluctuation amplitudes [16,17]. Hence, it is the drift waves
themselves that produce the stochastic electron behavior and thus lead to turbu-
lent diffusion. Using the NSA, this phenomenon of stochastic electron behavior is
implemented in the stability analysis for the drift wave via a turbulent diffusion co-
effrient. In particular, one can show that the drift wave is unstable for very small
values of the diffusion coeffrient and then saturates at some finite value. In fact, it
is possible to calculate the saturation value of the diffusion coefficient at which the
drift wave stabilizes [16,191.
In the case of the tearing mode, the tearing mode itself will not (in cases of
interest) produce island overlap and lead to stochastic electron behavior. To cor-
rectly account for turbulent electron behavior in this case, one must consider the
tearing mode as existing among a background of turbulence such as that produced
by finite-beta drift waves. Due to the large discrepancy in the poloidal wave num-
bers, m, of the tearing mode and the drift waves, their respective stability analyses
can be performed largely independently. This discrepancy in the wave numbers also
allows a spatial averaging over the scale length of the drift waves while keeping the
tearing mode potentials fixed. (This averaging is unnecessary if the coarse-grain
averaging of the stochastic particle orbits has been performed.) The major effect
of the drift waves on the tearing mode is that the electrons behave stochastically
due to the presence of drift wave turbulence. This stochastic behavior manifests
itself as a turbulent diffusion coeffliien t'whose value is independent of the presence
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of the tearing mode. Hence, in the tearing mode analysis. the electron diffusion
coeffiient is treated as an independent external parameter, whose value is to be
specified either by experimental observation or calculated through the use of an
appropriate microturbulence theory for drift waves.
For this problem a sheared, slab geometry is chosen with the equilibrium mag-
netic field given by
B = B (ez + -eY
where Ls is the shear length and x = 0 is chosen to be the position of the rational
surface. Throughout the following, the parallel direction is defined according to the
unit vector b = B/B. The slab coordinates (x, y, z) can be related to the straight
tokamak coordinates (r, 0, 0) by the following
x = r - r,, y=r andz=RO.
Here, r is the plasma minor radius, R is the plasma major radius and r, is the
location of the plasma rational surface which occurs at q(r,) = m/n. The safety
factor is given by q(r) = rBO/RBo (where BO and B, are the poloidal and toroidal
magnetic fields). The poloidal mode number m and the toroidal mode number n
are related to the wavenumbers ky and k_ according to ky = M/r and k, -n/R.
Hence,
and
nB9 (m krik1 1 =kb rB n
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where k,1  ky/Ls with LS -Rq 2 rq'.. It will be shown that this model reduces
to ideal MHD away from the rational surface. Because of this reduction to ideal
MHD at large x, the following results for the tearing mode can be generalized quite
easily to more complicated geometries simply by calculating the function A' for
those geometries [301.
The starting point in this model for determining the electron response shall be
the drift kinetic equation [18,46,471 of the following form:
[-+vnb -V - -V k- VIg x b V- -(E -EO) -b = C(fe,fe). (2.1)
at B C m avlI
The third term on the left side of the above equation represents the perpendicu-
lar motion of the guiding centers resulting from the k x B drift and the vo 1B/B
free streaming motion. The right side of the above equation represents an appro-
priate velocity space collision operator and EO denotes the applied electric field.
Throughout the following, a tilde is used to denote fluctuation quantities.
Statistically averaging Eq. (2.1) gives
at - B -- A x bf) - a - bf)Ct ai B M
e a-
-Eo -b-f = C(f, f) + (C(f, f)), (2.2)
m Ovjj
where fe = f + f, with f (fe) = equilibrium electron distribution. The second
and third terms on the left represent a turbulent collision operator acting on f
denoted by CT(f), provided f is a known functional of f.
Setting the fluctuation quantities to zero and assuming af/at = 0, then the
above equation reduces the the familiar Spitzer problem [35] of solving for Y iji the
presence of an applied electric field. The effect of EO on the equilibrium will be the
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production of an equilibrium plasma current. For the case of the tearing mode, the
equilibrium plasma current is included in the equilibrium electron distribution by
writing = fo + fi, where
= exp _ and f, = 2_ __ V oD -exp
Here, Y is a drifted Maxwellian and it is assumed VD/Ve < 1 where v2 = 2Te/me.
In the -above expression, f, denotes the current-carrying piece of the equilibrium
distribution. The equilibrium current is given by J110 = -evDno.
Subtracting the equilibrium equation, Eq. (2.2), from Eq. (2.1) yields the fluc-
tuation equation,
-- + ib - V- - V - x b -V -- (E,,+ E) -b f
at B M m il
cj V Z'l xb-Vy- ek.b Y
=C(f) + CL(f) + C(f,f) - (C(f,f)) (2.3)
where CL (f) represents the linearized collision operator and where the assumption
has been made that 9f/dt = 0.
Since EO/ER < 1, where ER is the "runaway" value of the electric field [56],
and since the equilibrium current is already contained in the f, part of Y, the
applied electric field term on the left of Eq. (2.3) is ignored. For simplicity the
collision operators of the right side of Eq. (2.3) are neglected; however, the question
of velocity space collisions will be returned to later.
Using the above approximations, the fluctuation drift kinetic equation is re-
duced to the actual starting equation for this analysis, which is the collisionless
DKE for straight magnetic fields:
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+vgb-V - 4 x b-V - Eb(9t B C M avi
Vlli xb-V+ ek-b ]f. (2.4)
B \ c M avl
This equation is denoted as
Df SO(X).
Dt
In light of the above discussion, the leading order effect of the third and fourth
terms involving the fluctuation potentials in the orbit operator defined by D/Dt is
the production of stochastic electron orbits resulting from the underlying drift wave
turbulence.
To solve for the electron response, f, one integrates over the exact perturbed
orbits represented by D/D. Thus,
f(x, t) J dr' E exp {i (mOo(x, r' - t) - nko(x, r' - t)
-0 k,w
-Wr')} So,, (ro(x, r' - t)) (2.5)
where So,, is the Fourier decomposition of So (x, t):
So(x, t) = exp {i(mO - nO - wt)} So (r)
k,w
where k = (m, n) and x = (r, 0,q).
Strictly speaking, the wave potentials can only be Fourier decomposed into
modes with a well-defined frequency, w, for times t < rc, where rac = the
autocorrelation time [57I for the fluctuation potentials. In general, So,, (E)
ISo..(r)| exp(-i kw(0,4,t)), where lk(0, 0,t) is the slow variation of the Fourier
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coeffien t S,,r, 0, 6,t). However, for t < rc, the variation of exp(--i4k(0, , t))
is much smaller than the variation of exp(i(mO - nO - wt)) and, hence, will be
neglected. In the following discussion, the times of interest, t, occur on a scale such
that Tk < t < rac, where rk = the Kolmogorov [52] time for orbit exponentiation.
Hence, -a necessary condition [17] for the validity of the following development is
Tk < Tac
In Eq. (2.5) the subscript zero signifies the exact electron orbits. These orbits
obey the equations
e - - x b
= i k1  - ll (2.6)k1lc
where
V-Lge = ro(x, t)e. + reo(x, t)ey
v1i. = (r o(x,t)ey + Rko(x, t)e) -b.
Here, vLge and vil refer to the velocity of the guiding centers.
The above equations are solved giving the orbits
ro(x, r - t) = r + bro(x, r - t)
Oo(x, r - t) = 0 + ITh(r - t) + Ro(x,r - t) + bO1 (x, r - t) + b0 2 (x, r - t}q R
xr - t) = + (r - t) + 6 2 (x, r - t) (2.7)
such that Xo(r - t) = X at r = t where 6x(O) = 0. The turbulent perturbations to
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me R 101I k
This analysis is concerned with the effect of spatial diffusion on the tearing mode.
In the above, bro represents spatial diffusion due to random k x B fluctuations
of drift waves. (Similarly with the term 69k). The term 60 reflects the presence
of magnetic shear; that is, radial diffusion leads to poloidal spatial motion in the
presence of shear. The terms 682 and 602 represent velocity turbulent diffusion.
These effects are subdominant by the estimate
((m6 02 - nb0 2) 2 ) k_ D_ _ mi P 2
m 2 (bO2) (k V1)2 Dxx me Ls/
and, hence, these terms are neglected. Keep in mind that the above turbulent orbit
perturbations are due to the presence of a drift wave background.
Introducing the transform
2 7 rd O 2 r d
fk'(r, t) f exp {-i(m'O - n'4)} f(x, t)
wor 27r




fk'(r,t) = exp(-it) dr 2O 2'r - exp { i(m o (x, - r) - m'6)
k~w o 2 r fo 27rk ,w
-i(no(x, -r) - n'O) + iwr} So,, (ro (x, -T)).
Substituting the characteristic orbits defined by Eqs. (2.7) into the above expression
gives
00 2"r dO 2 7 d4
fk,(r,t) = Sexp(-it) dr o 27r o 27r exp {i(m-m')
k,w
-i(n - n')O +- i(W - k11v1 )r + im6O(x, -r)}
x SO (r + br(x, -r)). (2.9)
The source term is given by
So,(r) = k l fo + I k - Z x b - VY + e b a
where ki, = m/Rq - n/R = k'Ix, k' = ky/L, and ky = m/r.
Physically, the applicability of the NSA makes use of the observation that
for suffiently long times, t > rk (rk = Kolmogorov time for entropy production),
[52] the exact particle orbit perturbations, b5(t), exhibit stochastic behavior. That
is, for t > ri the orbits 60(x, t) develop pathological spatial structure leading to
sharp spatial gradients. In particular, orbits with neighboring initial data separate
exponentially with time. The NSA makes use of the property that such stochastic
orbits are characterized by an extremely fine spatial structure, much finer than the
spatial structure of the corresponding fluctuation potentials, q and ill. The wave
lengths characterizing the fluctuations in the orbits 5r and bO are much shorter-than
those characterizing the potentials q and ill. This allows a hierarchical averaging
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procedure in which Al and e are approximated as constants in the microscale
statistical average over the fluctuations in b5 and 6r. The statistics of the orbits and
the waves then become essentially independent, thus enabling a spatial averaging
to be performed on the orbits over a distance in which the wave potentials do not
exhibit random behavior.
The above argument implicitly assumes that rk < ra,, where Tac = the auto-
correlation time [571 for the fluctuation potential. When this is satisfied, the orbit
functions exhibit random behavior on a time scale (represented by rk) much shorter
than the time scale on which the fluctuation potentials randomize (represented by
rac). A typical estimate for the autocorrelation time gives rac - We 1, where w., is
on the order of the real frequency. This is implied by experimental observations 1581
in which the frequency spectrum Aw(k) is observed to be of ordei Aw(k)/w ~ 1. In
the NSA model [17], the electron orbits exhibit diffusive behavior on the time scale
rk ~ WC~~ ,where w, 3 = (k' V'e)2 D/3. For the m = 2 tearing mode, wc/w-e ~ 10,
and hence 7k < re. This procedure of performing a statistical average over the fine
microscale of the orbits while holding the statistics of the waves fixed is known as
"coarse graining" [17). (Note, that since w,/wc ~ m 1/ 3 , then the criterion rk < Tac
is satisfied more strongly for the m = 2 tearing mode than it is for drift waves.)
For short times, t < r, this procedure breaks down. Since rk is typically small
when compared to the time scales of interest, the small time contribution, t < rk, to
the integral in Eq. (2.9) can be neglected for most of the terms in the source function,
Sok. It is only for the dominant term in Sok, namely (ie/T,)k1 vj1 , for which the
small time contribution to the overall time integral in Eq. (2.9) is significant and,
hence, must be treated more carefully. Here, k1 v11 scales as the transit frequency,
wt, and it is the largest order term in So,. Physically, for small times t < rk, the
electron orbits are characterized primarily by free streaming, hence, it is only those
terms proportional to kg og in So, which are significant for t < -k.
To account for the short time behavior, t < rk, the dominant drive term
(ie/Te)klvllsjqi when combined with the free streaming orbit operator gives the
adiabatic response. That is,
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ad i e kwfikilvi 1k T ~ k v xw fr
gives
f-ad eku
which is the adiabatic response. In order to preserve this short time behavior in
the NSA, the adiabatic response is extracted from the onset. Inserting
~_ e4
e = fo + he (2.10)
into the fluctuation DKE, Eq. (2.4), then the nonlinear electron response is given
according to
+ vj b -V - - V 4 - a-ZA x b . V _ - -b N S(X)[at B C m avi
= -C x b - V(fo + fl)
e 5 ~ g ae -aZ f,,+ '--b afi (2.11)T, at c"il ) M av
where the inherently nonlinear terms in the fluctuation potentials have been ne-
glected in the expression for S(x). Only the nonlinear terms involving the gradients
of h, are significant, since orbital stochasticity leads to very large gradients in he
compared to the relatively long wavelengths characterizing the gradients of 4-~and
All-
Integrating the above equation over the exact orbits gives the following integral
expression for he, which is the equivalent of Eq. (2.9):
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hk,(r) = dr 2 exp {i(m - m')O
-I(n - n')b + i(w - kj1v1 )r + im6O(x, -r)} (2.12)
X Sk,,(r + br(x, -r))
with the source term
Skw(r) = ( - Zi k x b -V(fo + f) + w ( -I ZA) f
ie k 
-f
where hk' (r, t) = Zu exp(--iwt)hk', (r).
By explicitly separating the adiabatic response from the nonlinear response at
the start, then the largest term in the expression So,, proportional to k -vg ~ w=
the transit frequency, has been replaced by a smaller term in Sk proportional to
W - W.., where we < wt. The separation fe = (e/Te)fo + he is valid since the
adiabatic response remains virtually unaffected by the nonlinear process of E x B
turbulent diffusion [15,18].
To solve to hk',,, the transform
Skw (r + br) = dkr exp {ik, (r + br) } Skwk,
is introduced such that
hk'w(r) = / dkr exp(ikrr) dT Eexp {i(w - kg jvI)r} (2.13)
k
x (exp {i(m - m')O - i(n - n')O + ik,6r(x, -r) + im6O(x, -r}})
x Skwk,.
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where (Q) = (27r)-2 f d0f dQ denotes the angular average.
Consider the quantity
A kkI (exp {i(m - m')0 - i(n - n') 0 + ik, br (x, -r) + im30(x, -r)}) (2.14)
For small r, 6r/r and 60 < 1, hence Akk' b kk'. Here, ,kk= 1 for k = k' and zero
otherwise. For large r/rk, the angular dependence of 6r and 30 is the dominant
variation in the integrand, and Akk' can be computed as a series of integrals over
small angular intervals. Letting 03 = 27rj/M and Ot =- 27rf/N, then
M 2 7r/M dO N 2x/N d4
Akk E j 1 - exp {i(m - m')(O3 + 0)
j=1 fo 27 =1 f 7
- i(n - n')(ke + 0) + imbO(r, 03 + 0, Oe +-,-r)
- ikbr(r, 03 + 0, 4e + 4, -r}
or
M N
Akk, = exp {i(m - m')0} exp {-i(n - n')4e}
j=1 e=i
X 1 27/M dI2 --r/N dO exp {im0(r, 0, + 0, Oe + 4, -r)fo 27r 0 27r
+ikr(r, Oj + 0, Ot + 4, -r)} [1 + i(m - m')0 + - -J[i -i(n - n')4O+ - ]
The essential feature of stochasticity is that an M and N can be chosen such
that 30 and 34 undergo many oscillations with respect to 0 and 4' in the period
27r/M and 27r/N, but (m - m')/M and (n - n')/N remain small. Thus, the above
angular integrals approach an average, independent of 0, and 4O, and the sumE give
the Kronecker delta, bkk,. Hence,
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Akk' 2' kk' exp {im50(x, -r) ± ikr6r(x, -r)}) . (2.15)
For stochastic orbits, M and N increase with r such that M, N -+ oo for large r /rk,
making the above expression for Akk, asymptotically exact. The important element
allowing the above evaluation of Akk' is the disparity between the wavelengths of
the potentials and the spatial scale of the orbit perturbations.
The basic assertion of the NSA states that the microscale ensemble average
Akk' -+ [Akk']o is equivalent to an average with 60 and br taken as normally dis-
tributed random variables. For a normally distributed random variable, a,
(exp(ico)) = exp ( C!2( 2))
where c - constant. Hence,
[Akk,|(, = 6kk' [(exp(im50 + ikr~r))Io (2.16)
- bkk exp { - 1 (M 2 [60230 + 2mk, [bO6r]o + k2 [br 2] )
Assuming br to be a Wiener process [59] with
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where the term 60, in Eq. (2.7) has been neglected. Note that since Skk, belongs
to the long-scale statistical ensemble, the microscale average acts only on Akk,.
Inserting the above expression for Akk, back into the integrand for hk,,, gives
the following "coarse-grained" value of hk,,:
kw j dr exp Ii(w - kgog)r - 1(k 3)Dr S idr'




was used. In the expressions which follow, hk, implicitly stands for the coarse-
grained value [hkwLo. Recognizing the last integral in the above expression for hek
as a transform of a Gaussian finally yields:
hek dr f dx'G(,x'; vr) Sk (x') (2.18)
where the kernel G(x, x'; v, r) is given by
G(x, x'; vil, r) = exp i(w k vix)r - (kjv)2DT3
v'4=7rDr 3
- (X - X' - iDkl2)2l (2.19)4D'r
Note that G(x,x'; v1 ,r) decays with a characteristic time r, = [1/3(kIve) 2 D]-1/3
'-I and represents a peaked function of x - x' with a characteristic width-x
Wc/kIve.
55
It also can be shown that the solution for the nonlinear electron response, he,,
Eq. (2.18), is equivalent to the solution of the following equation:
+ vilb - V - D a h, = S(X). (2.20)
where S(x) is defined in Eq. (2.11). By comparing the above equation to Eq. (2.11),
it is clear that the effect of applying the NSA to the drift kinetic equation is to
convert the terms in the orbit operator [the left hand side of Eq. (2.11)] involving
the fluctuation potentials into a spatial diffusion operator. This is a reflection of the
physical assertion that the major contribution of these terms in the orbit operator
is to produce stochastic orbits leading to turbulent spatial diffusion.
In the case of the tearing mode, the drive term S(x) is given by the right hand
side of Eq. (2.11). When the source terms, S(x), appear in the combination (4 -
(vl/c)A I), then the coupled system obtained from quasineutrality and Ampere's law
is self-adjoint. The last source term in the above equation destroys this property.
However, for the case of the tearing mode, this term can be dropped to give a self-
adjoint system. This is due to the observation that the coupled equations obtained
from Ampere's law and quasineutrality reduce to ideal MHD at large x (at large
distances from the rational surface, z = 0), which implies El = 0 at large x. At
small x (inside the dissipative layer), the dissipative process of electron diffusion is
insensitive to an equilibrium current.
Hence, we have for the nonlinear electron response
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dvol f dx' drG(x, x';v r) ( fo(v1)1T(x')fo V,
then the perturbed electron density is given by
n, = + i[(w - w*e)Ro - wse'iRij] - i[(w - w.e)RI - LoeqjR 2] }
no TeC (2.23)
and the perturbed parallel electron current is given by
~ -)e2 
-
J = Te 2 e n [1 (w - U -e)R 1 - W -cO s R 2 1
-[(w 
- W.e)R 2 - uwerJR3 ]V C i (2.24)
where the appropriate velocity moments of he have been performed. Utilizing an
appropriate ion response and applying Ampere's law and quasineutrality yields a




The ion response is assumed to be "classical"; that is, the response is described
by the linearized Vlasov equation. Although the island overlap condition is satisfied
for the ions, the resulting turbulent diffusion has no appreciable effect on the ion
response. The end result of turbulent diffusion is a smoothing of the structure of
the response functions over a scale length xe. Since the ion response is characterized
by a scale length xi satisfying xi > xe, the ion response virtually reduces to the
linearized Vlasov response. For slab geometry with a density gradient in the x-
direction, the linearized Vlasov equation is solved by using the standard techniques
[60] to yield, after integrating over perpendicular velocities,
ivii) -Tfi(vI) + Me(vii), (2.25)
where
-V1) = -e 0 (v11) (W - Wk o 2+ k{p Ov 1 1 ]T ( w ku - k kfvj (w - k11v1) 2c]
Ux =- f dx1 e ik, ~x') -1 (I
From this the perturbed density and current can be calculated by taking the
appropriate parallel velocity moments. The perturbed ion density is given by
Ri e ~w -wrij d d&\
= + i [rotZi +(P 0 - F1)pi- (Z -
no Ti W dx dx
Wo-(1 + Z) ZA (2.26)LeOn }
and the perturbed parallel ion current is given by
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e2novi L - W g(1+ Z)P 0  - ±z ) }. (2.27)
In the above expressions, Z() is the plasma dispersion [61] function with s
w/(ikjjlvi) and I, = Fn(b) = In(b)exp(-b) where I,(b) is the modified Bessel
function with b= k p7.
In deriving the above expression for the perturbed ion density, Eq. (2.26), the
electric potential, (x'), was expanded about x' x to second order thus yielding
the second derivative term in Eq. (2.26). This expansion is only valid when x/xi < 1,
xi = w/kjIvi. Hence, in evaluating the above ion Z-functions, the large argument
expansions (for > 1) should be used.
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2.3. Coupled Equations
Knowing the perturbed density and current f6r both the electrons and ions, a
coupled system of equations for 4 and All can be formed by utilizing quasineutrality
and Ampere's law.
Quasineutrality states that i =,. Using Eqs. (2.23) and (2.26), then this
implies
d dZ(O) + (A + x 2 ) + (w - we)Ro - -W-ejRj14
- [d(W - W.e)RI- 1 w-ejR2 + XeX2] - 0. (2.28)Id d jC
The parallel component of Ampere's law states V 2AI1 + (47r/c)(jle + ili) = 0.
Utilizing Eqs. (2.24) and (2.27) gives
r v2 -d2 2 V2 v2l -b+ a + 2 (W - We)R2 - en2 7jR3 All7R 3 ] A 1
(W - W.e)Ri - W-e?7jR2 + X = 0. (2.29)
In the above expressions, the following definitions were used:
d = (ro- 1)( ,x 'r=T, /Ti
A = 1+r -o rO +
d
X2= T+ W-)(1 +Z)
2 = Vi We 2(1+Z ,b P2 k2
at . zrb k
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where g- i(ikg Ivi), xe =/(|kijoe), and Z = plasma dispersion function. In the
above expressions, R, denote the electron resonance operators and are defined in
Eq. (2.22), and x is normalized in units of the ion gyroradius pi.
The above system is a kinetic description globally valid over the entire plasma
which reduces to ideal MHD at large distances from the rational surface (large x),
and is self-adjoint. When analyzed for high m modes this system yields unstable
finite-a drift waves, and when analyzed for low m modes this system yields the
tearing mode.
It is convenient to abbreviate the above system in the following shorthand
notation:
L1 + LxAj = 0
L2Zil + Lxq = 0 (2.30)
where
L, = Z d+ A + X2+ i (w - we)Ro w-,r7jR1
2 2 VV2 2
L2 TVA d2  2 V TV; WeJL2 2  -b+ a + -i(w ,we)R2 - -- *__ e7jR32e dx2 TVs 2V2
L - (w - woe*)RI - -iue,; R2 + XeX2 _e
Sd C
Since the above system is self-adjoint, a variational principle can be formed.
The variational integral, S, is obtained by
S= - dx [L1& + ijjL 2Aj + 2cLzAIl (2.31)
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such that variation of S with respect to e and All yields the coupled Eqs. (2.30).
The variational parameters characterizing suitable trial functions, OT and AlIT, are
thus determined by requiring SS = 0. Once these variational parameters have been
determined, the trial functions are again inserted into Eq. (2.31) and the dispersion
relation for these trial functions is determined by setting S = 0. This variational




As a closing comment on the mathematical model, two approximate forms
for the resonant operators R,[V4], defined by Eq. (2.22), will be presented. Such
approximate forms of R,,[Vk are necessary in order to perform an analytical calcu-
lation of the dispersion relation. The first approximation for R, are interpolation
polynomials which preserve the asymptotic behavior of R,. The second is the so-
called "Krook" approximation in which R, is approximated in terms of the plasma
dispersion function.
In the above fully kinetic analysis, calculation of the nonlinear electron response
led to the resonance operators, R,[4'], as given by Eq. (2.22). In the limit that O(x')
is a slowly varying function of x', that is, if xc/XT < 1, where x = Id/dx(ln V)I,
then O(x') can be expanded about x' = x. To leading order in Xc/XT the above
resonance operators can be replaced by multiplicative operators of the form R,[0] ~
I,(x)zP(x), where
In(x) = dvl ( fo(v) ) dr exp i(w - k vjjx)r - 1 (k I V)2D31. (2.32)
The above multiplicative resonance functions can be evaluated asymptotically
to yield the following interpolation functions [191:
10 2.8 1+1.58Io ~-- 1+ 1.58(i--)
.47 [1 X 2] -
12~ 1+ -
-. 29i x +2 2 1
-1+.29 -I
WC XcL\XJ
-24i x X 21
1 + .48( -(2.33)
W, Xc Xc/
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This above asymptotic behavior can be reproduced qualitatively [19] if the ex-
ponential in Eq. (2.33) involving the factor -1/3(k' Vj1 ) 2Dr 3 ~ -wr' is replaced by
the linear factor -. 36wjr. Under this approximation, the above resonance functions,
I,(x), can be evaluated exactly in terms of the Z-function. This approximation
will be referred to as the Krook limit.
/oon 00In(X)Krook = dvll (iII) fo(vII) f drexp[i(w - klvlx)7r - .36wr1
J dv( ifo(v 1 ) (2.34)
_ooVII wo-k'vllx









13 = 1+ e2 (1 + Z) (2.35)
where v = wo/jk 1 ye. Essentially, under the Krook approximation, the turbulent




STABILIZATION BY TURBULENT ELECTRON DIFFUSION
This chapter analyzes the tearing mode using the kinetic equations contain-
ing the effects of turbulent electron diffusion which were derived in Ch. 2. In
Sec. 3.1, special limits of the coupled equations governing the potentials e and All,
Eqs. (2.30), are taken in order to obtain the standard results for the resistive MHD
tearing mode. This helps illuminate which approximations and conditions resistive
MHD assumes, and points out the physics neglected by such a model. Section 3.2
presents a formal proof demonstrating that the tearing mode is stabilized by suffi
ciently large turbulent electron diffusion. This is done by showing that the energy
drive for the tearing mode goes through zero and becomes stabilizing as the elec-
tron diffusion coeffrient becomes infinite. An approximate dispersion relation for
the tearing mode is calculated in Sec. 3.3. This is done for the "magnetic" tearing
mode described by L 2Alj = 0, where the effects of a finite electrostatic potential t
are neglected. Section 3.4 presents the calculation of the dispersion relation for the
electromagnetic tearing mode including the effects of a finite electrostatic potential.
This final dispersion relation is obtained through a variational calculation.
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3.1 Resistive Tearing Mode Limit
In this section, a special "resistive limit" of Eqs. (2.30) is taken to show that in
such an appropriate limit the basic results of resistive MHD [3 ] can be reproduced
for the tearing mode. As a starting point, the perturbed electron distribution must
be calculated in this limit. Recall that in the above fully kinetic analysis, calculation
of the nonlinear electron response led to the resonance operators, R,[V'], as given by
Eq. (2.22). As discussed in Sec. 2.4, in the limit that O(x') is a slowly varying func-
tion of x', the above resonance operators can be replaced by multiplicative operators
of the form R,1i/] ~ I,(x)V(x), where In(x) is given by Eq. (2.32). In the Krook
limit, the asymptotic behavior of the functions I, (x) can be reproduced qualitatively
[19] if the exponential in Eq. (2.32) involving the factor -1/3(kovji). 2 Dr3 - _W
is replaced by the linear factor -. 36wer. Under this approximation, the above res-
onance functions, I,(x), can be evaluated exactly in terms of the plasma dispersion
function as indicated in Eqs. (2.34) and (2.35). Essentially, the Krook approxima-
tion replaces the turbulent spatial diffusion operator in Eq. (2.20), -Da 2/dx 2 , by
a Krook type diffusion frequency, 0.36wc.
In light of the above discussion, an approximate resistive limit can be obtained
by replacing w, with a collision frequency, v. Thus, the nonlinear electron response
in this simple collisional limit is given by Eq. (2.20) with -Da 2/0X2 -+ v. The
inversion of this operator gives
iSk(x)he, = . (3.1)
W _- k'Ivnx +wiv
Hence, in this resistive limit the above resonance operators, R., are identical to the
previous Krook approximate resonance functions, I, given by Eq. (2.35), onlyfnow
we is replaced by v, that is, wo = w + iv.
In the resistive MHD problem, it is assumed that a narrow "tearing" region of
width 2xO exists about the singular surface. Inside this tearing region the physics
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is dominated by "non-ideal" dissipative effects. In the outer region away from
the rational surface, the physics reduces to ideal MHD. In order to obtain the
resistive MHD results, it is appropriate to consider the following scaling such that
w/(kIIVT) > 1 in the inner region for both electrons and ions, whereas w/(klVT) < 1
in the outer region for both electrons and ions.
In the outer region, x > xo, the density fluctuations to leading order in
w/(k xVT) are
- - and ~- --A]. (3.2)
no T klc no T[ k19
Hence, quasineutrality, h, = i, implies that in the outer region Ell = 0, which is
the ideal MHD result.
Similarly, in the outer region, x > xo, one find Ampere's law, reducing in
leading order to
TVA 2 47r kyJ11
- d'- k2A 0, (3.3)dc2 Idx2 Y c kylBol
which is the equation for marginal stability in ideal MHD. Thus, in this resistive
limit, Eqs. (2.30) reduce to the ideal MHD forms at large x, x > xo. (This is also
the case for the fully kinetic description).
A dispersion relation for the basic resistive tearing mode can be derived by
utilizing the variational integral given above in Eq. (2.31). (This method [37] is
similar to that performed in Sec. 1.2.) In the outer region, the resistive limit gives
the following energy integral:
SV 2 A 2  +' 4?r k2YJ 1 A2Sot= dx j [Al + b k - , (3.4)
i~xi>xo deckiiBo)
where the condition = 0 has been imposed as well as requiring Al (±a) = a =
plasma edge.
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Integrating by parts and requiring A to satisfy the ideal form of Ampere's
law, Eq. (3.3), then gives in the asymptotic limit of x -- 0
2
A = 2 A' (3.5)
where lim,._.ofAg Aj(xo) A1 A'(-xo)] A A 'dz and Al (xo±) H Al. Here, A'
represents the jump in A, across the singular surface (for nearly constant All or the
"constant V" approximation) [3].
Similarly, in the inner region, x < xo, using the ordering w/kllve,w/kivi > 1
gives the leading order form of the variation integral, Eq. (2.31), as
Sin = dx -2 + -- (w - We) 2 (3.6)
X0 de 2wo 1
where d ~ (Jo - Fi)(r +we/w). Here the first term in Si, is the leading order con-
tribution from quasineutrality and the second term the leading order contribution
from Ampere's law.
To evaluate the above integral for Si,,, it is necessary to choose suitable trial
functions for 4 and il. As is standard in the basic resistive MHD calculations, A11
is chosen to be constant across the inner region (the "constant 4" approximation).
Likewise, is chosen to be a linear function of x with odd parity such that El = 0
at x = ±xO. Thus, for the inner region, x < xo, ill = All,, and = (x/xo)4k0 , where
0 = w/(k Ixoc)Al1 ,).
Using the above trial functions, the integral over the inner region can be eval-
uated to give
2 2 2
wAjj0 ) 22vSin = - + v. (u) - w~je) -A klli O d2 .W . (3.7)kpc x0  dcs wo "
Combining Eqs. (3.5) and (3.7) through the relation So = Sout + Si, gives the
dispersion relation by setting So = 0:
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2TV , 2Tw(W - Woi) ve w
c2 _ __kt2__2 _ + 2 + Xf). (3.8)
- k 12 P 2C2x 3 C2W+I
To obtain the classical resistive tearing mode growth rate, one sets Le) = w i
0, W = i-y and assumes v > -y. Thus, the above equation becomes
r2i, 2ry 2  1 2 v
A A l k 2 p c 2  C V e (3 .9 )
which can be interpreted as an energy balance relation. This is the basic dispersion
relation which specifies the resistive MHD growth rate.
It can be shown through simple physical arguments that the term on the left
of Eq. (3.9) involving A' represents the available magnetic energy in the outer
region which thus provides the drive for the tearing mode. (A detailed study of the
magnetic energy drive is given by Adler et al. [28]). The first term on the right
represents the energy absorbed in ion inertia and the second term represents resistive
electron dissipation. Both terms are zero unless the perturbation is growing, Y > 0.
Hence Eq. (3.9) signifies a balance between the magnetic energy in the outer region,
which drives the tearing mode, with 'the ion inertia and electron dissipation in the
inner region.
The variational parameter in Eq. (3.9) is the tearing width, xcj. Varying SO
with respect to xo then gives
[ 1 1/4
0 =p kr 2rv2 J (3.10)
Inserting this into Eq. (3.9) then gives the growth rate [3]
rk'v4 2/5
14/5 3535 iiVY = .56A 0  V p * ] (3.11)
or in standard resistive MHD notation [27]
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-35 2/ 4 5 (aq' 2 /5 -
.37T-3/5 2/ (A' a)4/5 n a (3.12)
where TR = 47ra 2 /(C 2 rj), TA a/VA, and 77 = 2mev/(e 2 no). This expression for the
growth rate is identical to that obtained in Sec. 1.2. More accurate calculations
[27,381 indicate the factor .37 should be replaced by .55. This numerical difference
is a result of the variational approximation method used in the above calculation.
Hence, by implementing the above limit of constant resistivity into the Krook
model for the electron response, the coupled Eqs. (2.30) for and Al were shown
to contain the fundamental resistive tearing mode in the appropriate limits. It is
important to note that to obtain the above resistive limit the following assumptions
were made:
(a) In the evaluation of S0,,t, the limit xO -+ 0 was taken yielding Soe ~ Ao=
constant, independent of xo.
(b) Finite Larmor radius effects and other "diamagnetic" effects were neglected;
that is, w = 0.
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3.2 Proof of Stability for Large Turbulent Diffusion
Recall from the above discussion of the resistive tearing mode that it is the
available magnetic energy of the outer region, represented by A', which drives the
tearing mode unstable. From this, a general energy drive [62] for the tearing mode
is then defined to be the negative energy from the integral
a J dx + pik Yj - p Pi jl1All All] (3.13)
where Jlje is the full kinetic operator representing the perturbed parallel current
7pi Jie[AljI 2 - W-ti1jR3[-Al 11
Hence, S < 0 is a necessary condition for instability.
In the resistive MHD limit, R 3 = -i/2k ve, and the negative energy drive takes
on the ideal MHD form as indicated by the expression
Sesisqtve = -A 20 'A. (3.14)
Hence, in resistive MHD, A' represents the available magnetic energy to drive the
tearing mode. Instability is then obtained when A' > 0.
Notice that in the energy integral given by Eq. (3.13), the first two terms are
stabilizing and it is only the third term involving the perturbed current operator
which can be negative and thus drive the tearing mode unstable. In the resistive
MHD treatment, the perturbed current operator is singular at the rational surface.
In fact, it is this singular behavior which dominates in the integral S and typically
causes Ao to be positive (and hence S to be negative). However, if one retains
the full kinetic operator for Jiie[jli] involving the resonance operator R 3 [A], then
this operator is no longer singular at x = 0. In fact, one can easily show that the
integral
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a]a d p L (3.15)
is bounded for D > 0. This will be demonstrated with the aid of the inequality [63]
L dtF(t) :5 f dt F(t)|
where a < b. Hence, letting co = 147rp2V2 Wer7j/(cro2) , then
SJ| < c< J dx R3 [A -
a 2
<COIf-a dx 13 (x) A max
4a 12 3+
= cC A x Zd dyyex y 2 (i + ± r )j
2a C1 f dt + t)-2
]W max Wc1 0 dtit)
2
where is the maximum value attained with the plasma. Clearly, the last
max
integral is finite and the conclusion is reached that
jSjj < c 1D-1/ 3
where cl is the constant indicated by the previous equation. Hence, ISjj --+ 0 as
D -+ oo. Since the energy drive S also contains the line bending stabilization terms,
the conclusion is reached that for some critical diffusion coeffiient, D = D,, the
energy drive S will be zero and the tearing mode is stabilized.
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3.3 Approximate Dispersion Relation
By ignoring the effects of the electrostatic potential, a simple expression for
the growth rate [13J is obtained which shows that the tearing mode stabilizes when
a critical value of the diffusion coefficient is surpassed. This analysis begins by
returning to the set of coupled equations for Al and 4, given by Eqs. (2.30).
For typical Alcator C parameters, one finds that the parameter = w/w ~
Wse/w, ~ 101 is small, and it is possible to scale the above operators as follows:
L, ~ 1, L 2 ~ E, L, ~ E. Hence, the contribution of the coupling terms, L2, to
the dispersion relation are subdominant by order E. As a first approximation, it is
assumed that Eqs. (2.30) decouple, leaving the equations
LiO = 0, L 2AII = 0. (3.16)
Hence, defining the tearing mode as a primarily magnetic fluctuation reduces the
problem to solving the equation L 2AI? = 0, which describes the "magnetic" tearing
mode [13]. (The equation Li4 = 0 describes the electrostatic drift wave [15].) The
contribution of the coupling terms as well as the electrostatic terms to the dispersion
relation will be considered later in a variational calculation.
To leading order, the magnetic tearing mode is given by L 2A = 0 or
d 2 V2 .2
- b + i - wve)R 2 - W er 3 ]l = 0. (3.17)
The approach will be to simplify and solve the above equation in two regions:
x| > x, and xI< x,. The dispersion relation will then be determined by matching
All and A' at |xi = Xc.
Provided that Al is a suffiiently slowly varying function of x, then the reso-
nance operators in Eq. (3.17) can be replaced by multiplicative functions, as dis-
cussed in Sec. 2.4. That is, if X,/zT < 1 then R,[A1 ] ~ I,(x)A1 1 (x) where I,
is given by Eqs. (2.33). Noting this, then Eq. (3.17) can be approximated by its
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leading order terms in an outer region, x > x,, and likewise in an inner region,
xl < x,. Hence,
d 2 47r 2k YJ'~For jxj > xc, -b - -P =il 0 (3.18)Ldx 2  c kliBo
[d2 2 LJe~
For jxj < xc, d + i(w - .47]) = 0. (3.19)
dx2 i TVA
Notice that in the outer region, xj > z, Ampere's law has reduced to the marginal
stability equation of ideal MHD. Formally, the solution to Eq. (3.18) in the outer
region for jxj > x, will be denoted as the ideal MHD solution, AMHD.
Defining
V2 2
-2 47 v , y
a -i(W - W *- .47-, for w ~ we + iy,
rVA A C
then, in the inner region, jx| < e, one has the solution
AIN = Ce--x + C2 e+.x
To determine the dispersion relation, matching conditions are imposed at 1xI
xc requiring All and A to be continuous. That is,
AIN(±XC) = AMHD(±XC) A±(±x )
A'IN(±Xc) = AMHD(±Xc) A±(±xc)-




Using the above four matching conditions, C1 and C2 can be solved for in terms
of A+ and A- leading to the dispersion relation
(a + A4)2 -(a -A_) 2
exp(4ax,) = .A2 (a A (3.20)
(a2 _ A2 )(a2 _ A2 )2
Typical Alcator C parameters indicate A± ~ 10-2 and x, ~ 10. Assuming the
scaling a 2 xc ~ A± implies A2 /a 2 ~ 10-1. Using this fact, along with the definition
A+(x,) - A -(x,) = A'(x,), the above dispersion relation can be expanded to yield
A'(xc) ~ - e 2- (3.21)
rA k'lie
This implies that the magnetic tearing mode has a real frequency equal to the
electron diamagnetic frequency, w.,, with a growth rate [13] given by
r2 C 2 A'(/STVA k' p V A'(x,) =kv   (X) (3.22)
Ve pe Pi
The above expression is essentially the same as that for the collisionless tearing
mode [8] with A' replaced by A'(xc). Hence, instability will occur if A'(xc) > 0.
Note, however, that A'(x,) is now evaluated at a finite distance x, from the rational
surface. Numerical calculations of A'(xc) for cylindrical geometry [30] and typical
Alcator C profiles indicate it to be a primarily linear decreasing function of x,
A'(x) ~ Ao (1 - x/W). Here, W corresponds to the island saturation width [20] of
resistive MHD. Hence, the tearing mode will be stabilized if A'(xc) < 0 or x, > W.
Since z - D 113 , this implies that if D ~ 1/n, then there exists a density threshold
which must be surpassed before instability occurs.
It is also insightful to present a second approximate calculation to obtain the
dispersion relation given by Eq. (3.21). This involves the use of the energy integral
S given by Eq. (3.13). This integral is divided into an inner region SIN for jx <
x, and an outer region SOUT for jx] > x,. The perturbed parallel current .jie
is approximated in these two regions in a manner similar to that used to obtain
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Anpere's law in the inner and outer region as expressed by Eqs. (3.18) and (3.19).
This then gives
SouT dx 21 +b2Z + P. - 11](3.23)
and
X1 j2 V 2 .47 j
SIN dx 2 e W - (3.24)[ -1 TV~ W
The integral SOUT can be evaluated by requiring All to satisfy the ideal MHD
form of Ampere's law, Eq. (3.18). This then gives
SOUT A- [ 1 A (x,) - AllA, (-x) MHD A 0 I(x). (3.25)
The integral SIN is evaluated using the "constant 0'" approximation which
states that All is to be taken as a constant in the inner region. This then gives
SIN 2 x' (- 2
SI V - (W - W.,) A2II (3.26)
The dispersion relation is then obtained by setting S = SIN + SOUT = 0. This
gives the dispersion relation obtained above, Eq. (3.21).
The advantage of using the energy integral formulation in the calculation of
the dispersion relation is that it provides a physical interpretation of Eq. (3.21).
Specifically, the disperison relation given by Eq. (3.21) represents a balance be-
tween the ideal MHD energy drive in the outer region [represented by the left side
of Eq. (3.21)] with the energy dissipated in the inner region through turbulent dif-
fusion [represented by the right side of Eq. (3.21)]. Notice that the dissipation is
proportional to (w - Lo*). Hence, w~e can be viewed as a Doppler frequency shift
resulting from the motion of the electrons relative to the laboratory frame. Phys-
ically, A'(x,) is interpreted as the magnetic energy in the outer region available
to drive the tearing mode. In essence, the turbulent electron diffusion prohibits
the formation of, or flattens, the perturbed parallel current, jlie, within a finite
correlation distance, xe, of the rational surface. This has the effect of reducing the
available magnetic energy drive from the value A'(0) to A'(xc).
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3.4 Variational Calculation
A more detailed calculation of the dispersion relation [14] is now presented in-
cluding the effects of the electrostatic coupling terms. This is done through the use
of a variational principle. The starting point is again Ampere's law and quasineu-
trality, given by Eqs. (2.30). To leading order in wo/we, the effects of the resonant
operators can be neglected in the electrostatic operator, L 1 , and the coupling op-
erator, L,. This gives
d d Ve 2
- Z(--+ A+ x2, L ~ x XeXdx dx IIC
The expansion used to yield the differential operator in the expression for L,
implicitly assumed that jx/xi < 1, that is, > 1. Using the above approximations
and expanding the ion Z-functions [61] for large arguments, quasineutrality can
then be written as
d 2  1A2 ~ + x2
+ A - <2 + Al ~ ) (3.27)dX2 2 x 2 x? kye W!
where xi = w/(k'pjvj). Scaling w/wc ~ E, w/w, - 1, x 2 /X - E and d2 /dx 2  2
then, for large x, x/<xcl > 1, quasineutrality implies to leading order,
A ~ 0 - w ~
and to first order in e quasineutrality implies
-k- ~l l 0 - Ell= 0.
Thus, in the outer region, the equation for quasineutrality requires W ~ W., and
reduces to the ideal MHD constraint EH ~ 0. Also at large x, Ix/xcl > 1, assumning
Ell = 0, Ampere's law reduces to the ideal MHD equation of marginal stability,
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given by Eq. (3.18). Hence, the coupled Eqs. (2.30) reduce to ideal MHD with the
additional constraint that Lo ~ w- in the outer region where 1xi > Xc.
Since the equations governing Al and are self-adjoint, a simple variational
integral, Eq. (2.31), is obtained. In this calculation, ±a represents the edges of an
intermediate integration region which is assumed to lie in the region where ideal
MHD is approximately valid (that is, a > xc).
Integrating by parts, Eq. (2.31) becomes
S d= 2 [CA -- A]+ f 0 - | (3.28)
where
a Z( ) 2 r ~ 2
24= dx gZAE - T{ + (I+ Z) W
(3.29)
a_ v2 _2
Ax dl + (b -'di(W -W e)R 2 + 2 1iW*e;jR3 AZI (3.30)
-a dx TVa 2 VA 'TA/ J
a a
=~~' K and O3A.=AIIA'
Here, 'A represents the contribution of the magnetic terms (involving the electron
response only) with the corresponding boundary terms 3 . The contributions of the
electrostatic, coupling and the ion terms are represented by Cb with the boundary
terms Ok. The magnetic tearing mode considered above in Sec. 3.3 is accounted for
in the LA and OA terms. That is,
LA - OA =J dxAliL 2A
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where it has been shown above that L 2Al 0 yields the basic collisionless magnetic
tearing mode ,131. Hence, 2_ and 0,, represent the contributions to the dispersion
relation which are due to coupling to the electrostatic branch as well as the ion
contributions to the perturbed current.
At the boundary, ±a, Al and 4 are required to match onto the ideal MHD so-
lution. In particular, at the boundary, E 0. Using this condition, the magnitude
of the boundary terms 04 and 0A can be compared. Noting 00 ~ (w/kIca)2AIIA'
then it is easy to show that the contribution of 4 to the dispersion relation is
smaller than that of OA by w /W. Hence, the boundary term 0, can be neglected.
The above variational integral will be performed using two steps. First, the
electrostatic integral will be calculated using a suitable trial function for 4 while
assuming Al to be a constant in the 4 - (w/kllc) Al term (which is justified by
the fact that A1 is nearly constant while 4 must be linear in x near the rational
surface). One can then solve for 4 variationally. After this, the magnetic terms
,A - J3 are calculated using a linear trial function for All while allowing the limit
of integration, a, to be the variational parameter.
The electrostatic integral, 4, is given by Eq. (3.29). In the above expression,
one must keep in mind that the ion Z-functions are to be expanded for large
arguments. Here, A represents the eigenfrequency and is approximately zero when
w ~ w.e and hence will be neglected. The first term in Eq. (3.29) represents the
i x B ion motion in the poloidal direction whereas the last term represents the ion
motion along the field lines.
A trial function of the following form is chosen:
<= Ao Ao constant. (3.31)
k11c (X2 ia2)
Here, a is the variational parameter and it is assumed (a/a)2 < 1 such that at the
boundary, x = a, one has El ~ 0.
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Inserting the above trial functions in Eq. (3.29) gives
)2 * J t 2 -2 2)2 (1 + ;Z) a 2  -(3.32)
kdc _, ( kia2 + _fX2)4 2 a2 + 2)2
Using the large argument expansions for the Z-functions along with the variable
substitution y = x/a and assuming a/a > 1, then the limits of integration can be
extended to infinity to yield
'V (2 y202 1 a
- Oi + y 2)4  2x(i + y 2) 2
These integrals can be evaluated explicitly (see Ch. 4 for details) to give the expres-
sion
W )22 /2 1 + CC
I4~ - Al r1 ) (3.33)
k' Ic 8 W3 -X2
The variational parameter is then specified according to b 4 /a = 0. This gives
a2 = v'3xi. Inserting this expression for a 2 back into Eq. (3.33) then gives
AO ~  2 (1± i). (3.34)
v/Z233/4 0 k'pi
Note that this expression is independent of a, which serves as the variational pa-
rameter in the calculation of the magnetic integrals.
The magnetic contributions to the variational form, S, are now calculited.
The magnetic terms are given by Eq. (3.30) with the boundary term #3A. Assuming
Xc < Id In A/dxI-, then one can approximate the resonance operators, R., by the
multiplicative operators, I, as given in Eq. (2.33). Thus
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ZA BA dx A12 + b+r I + A A2
_A J d [A , W (b 1+ (x/x )2 + 2 x2 1 1/2(x/XC)2
-AA' a (3.35)
where
-iv 2  1 voc2
2v 2 2o wTVATV
For the trial functions, the following forms are used. In the outer region,
jxz > a, Al is required to be the ideal MHD solution. That is, Ail AMHD for
Ixj > a, where AMHD must solve Eq. (3.18). To leading order for small x/xj, where
xJ = dn J11/dx, Eq. (3.18) can be solved asymptotically [37] to yield
A MHD=f Cg for x>a
A = (3.36)SAMHD =f+c-g for x< -a
where
A x 2 2__2f 1 + -- In 2 + (In x2 + 2b - 3) +.-
2 4
A 2 A2X 2f'~ -[lnx 2 +2+ [nx2 +2b-21+...2 2
g-~Ax+ 2 x+---, g' A+A 2 x+.. (3.37)
and it is assumed Ax - Aa < 1.
Consider the following definition: A'(x) = [A'(x) - A' (-X)]MHD. Numerical
calculations 1301 for Alcator C parameters indicate A'(x) to be primarily a linear
function of x of the form /'(x) = Ao (1 - x/W). Here, W represents the nonlinear
island saturation width [20]. Hence, by identifying
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C+ - C_ = c/A; C++ C = (3.38)A2W
and by requiring A2aC, > A2 a, then to leading order A'(x) ~ Ao(1 - x/W). For
the sake of simplicity in the following calculations, the following approximate forms
are used as definitions:
A2x2f 1 + Ax, g E Ax + 2
2
f' A, g' = A + A 2x. (3.39)
By doing this, then one directly obtains the desired result A'(x) = A, (1 - x/W).
Strictly speaking, however, the forms of f and g used in Eq. (3.39) are only ap-
proximately valid when C± > 1. This constraint can be relaxed, however, if the
forms in Eq. (3.39) are taken to define the outer trial functions for jxj > a. In
any event, requiring AMHD > 0 (as is indicated from experimental profiles) im-
plies the restraint AaCa < 1. Utilizing the scaling C± ~ Ao/(A2 W) then requiring
AMHD > 0 implies Aoa/(AW) < 1.
The trial function for the inner region is taken to be a slowly varying linear
function of x.
A A+=1+L+x for <x a(3.40)
A-=1+L-x for -a<x< .0
Requiring this trial function to be continuous at the boundary, x ±a, with the
ideal MHD solution then defines L+ to be
(AaL±=zA±C±A1± ) (3.41)
Using these trial functions, it is now possible to evaluate the magnetic-orm
,CA - 3A. The boundary terms are given by
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3 A A A' =A+ A'u A'A4
2 a
AA' +AIHD - '_
-a:- a La
= A'(a) + a(L2 + L 2) + 2 (L+C+ - LC-) (3.42)
where A'(a) = Ao(1 - a/W).
In the magnetic variational terms, SA = f A - 3A, the variational parameter
is chosen to be the limit of integration, a, which also characterizes the slope of the
trial function. Note that the electrostatic term, C4, was evaluated approximately
to be independent of a. Thus, only the magnetic terms determine the variational
parameter a.
Variation of the magnetic form, SA, with respect to a then gives
6 SA A 0+ (b+ F + Ax A2l + OA
6a ' [c 1+(x/xc)2 2 x1 + 1/2(x/xc)2  +a -a 6a 
(3.43)
Recall that requiring A± > 0 leads to the constraint L±a < 1. Also, in the evalua-
tion of the boundary term, it suffkes to approximate L± as independent of a; that
is, L± ~ C±A. Hence, to leading order in L±a,
_SA 2 +2 + 21 1 A a2 2(L+ + L)(L+ L-)+ 2b +-+
ba oW 1 + (a/xc) 2  2 x2 1 + 1/2(a/xe) 2
AO + (L+ + L) + A2a(L+C+ - LC)].
The last term in the above equation can be neglected when compared to the fourth
and fifth terms. To leading order it is approximated L± ~ C±A, and, thus,
Eq. (3.43) becomes
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E5SA _ o A0  1 a2 1 A0-- =A- + 2b + 2F-1 
- a 21A (3.44)ba W w, 1 + (a/xc)2  X2 1 + 1/2(a/xc) 2 AW (
Assuming w w-, + iy, then at marginal stability, F ~ 0. Setting 6SA/6a 0 and
solving for a yields
a 2  Ao/W + 2b
X 1/2(Ao/W) - b*
Typically, b ~ A2 and A0 ~ A. Thus, bW/AO ~ Aa < 1, and to leading order
a 2 ~2z.
To find the dispersion relation, the integral form SA is evaluated explicitly.
From Eq. (3.35),
SA= [a(L2 + L2) + 2ba + 2 F tan-i a ) a
+ ~w \ WCX c /2-/xe
+2Axc(L+ + L-) a - V2-tan_ a
[A'(a) - (L2 + L 2 )a]. (3.45)
Approximating L+ + L- ~ -Ao/AW and using the result a ~ vxe along with the
definition A'(\/2xc) = Ao(1 - '2xcl/W) then gives
S -A ' xc + 2V/2bxc + 2FP . (3.46)
2 WC
The overall dispersion relation including the electrostatic terms is given by
Eq. (3.28). Using the results of Eqs. (3.34) and (3.46) gives the following dispersion
relation:
217& d (w 2
-r = ' ( - - (1 i i). 3.47)
WC 2 ) TVA k' Ipivi
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On the right hand side of Eq. (3.47). one can approximate o ~ W-e, d t 2, and
r 1. Recalling the definition of F then the above dispersion relation becomes
-i(w - )Vi 2 2 )1/2
2x, v2 2 VA \a
(3.48)
where now xi= L,/La. The above expression is valid providing bW/A 0 < 1 and
Aoa/AW < 1.
Hence, writing w = WR + i'y with LY/WR I < 1 then gives the real frequency
WR = Wm- me L, 1/2 (3.49)
mi L
The growth rate is given by
khie 2i2L 1/2 MeV =-- { ' (2 X) -2V"ibx] - 2 (. (3.50)
2 Ve 2 La Mi
In the limit bW/o < 1, then stability is obtained when -y < 0, or
Xc > V2W 1 - 2 3i Ls r 1/ 2  (3.51)
Thus, it is apparent that the coupling to the electrostatic branch, represented by
the second term on the right of Eq. (3.51) is a stabilizing effect. Physically, this
term represents that fraction of the available energy which is necessary to maintain
the ion motion.
The first term on the right in the expression for the growth rate, Eq. (3.50),
represents the magnetic energy drive from the ideal MHD region. Recall, A'(x) ~
Ao(1 -x/W), where W corresponds to the island saturation width of resistive MHD.
Hence, the tearing mode will be stabilized [13,14] if A'(xc) < 0 or xc > W. Since
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XC ~ D" 3 , this implies that if D ~ 1/n, then there exists a density threshold
which must be surpassed before instability occurs. Physically, A'(xc) is interpreted
as the magnetic energy in the outer region available to drive the tearing mode.
In essence, the turbulent electron diffusion prohibits the formation of, or flattens,
the perturbed parallel current, J1e, within a finite correlation distance, xe, of the
rational surface. This has the effect of reducing the available magnetic energy drive
from the value A'(0) to A'(xc). The second term on the right of Eq. (3.50) represents
line bending in the inner dissipative region and is stabilizing. The last term is
ion inertia stabilization [10,14], and represents that portion of energy necessary to
sustain the ion oscillation at frequency W.e.
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Chapter 4
STABILIZATION BY RUNAWAY ELECTRONS
In this chapter, the kinetic theory of the tearing mode is expanded to include
the effects of runaway electrons [56,641. The point of performing this calculation
with such an electron distribution is to see the effects, if any, which will occur if
the equilibrium current is carried by a small fraction of relatively fast electrons as
opposed to an equilibrium current carried by a small drift of the bulk electron pop-
ulation. Since runaway electrons are only present at low density, they may provide
a low density stabilization mechanism for the tearing mode. The kinetic theory
developed here is identical with that of Ch 3, except now the equilibrium current is
carried by an electron beam of density nb ~ 10- 3 n, and velocity vb - 10ve (as com-
pared to the drifted Maxwellian of the previois chapter). Modeling the equilibrium
electron distribution with a realistic distribution observed in a runaway discharge
(say, during current drive experiments) becomes too diffrult mathematically. In-
stead, a simple monoenergetic electron beam is used to model this runaway case. If
a significant change in the stability of the tearing mode is observed to occur with
the equilibrium current modeled crudely by an electron beam as done here, then it
may be worthwhile to repeat this calculation using more realistic electron distribu-
tions. The results of this chapter, however, indicate the runaway electrons provide a
stabilizing correction to the particle inertia which is subdominant by order W.e/we.
In Sec. 4.1 of this chapter, coupled equations for the fluctuation potentials q
and AI are again derived only now the the equilibrium current is represented by
an electron beam (describing the "runaway" tearing mode) as opposed to a drifted
Maxwellian (describing the "regular" tearing mode). To calculate a dispersion re-
lation, this coupled system is solved using a variational calculation similar to that
used in Sec. 3.4. In order to see effects of the electron beam, it is necessary to
calculate corrections of order w,/w, to the previously calculated dispersion relation
of Sec. 3.4. Section 4.2 involves calculating the corrections of order w./w, to the
dispersion relation for the "regular" tearing mode (where the current is represented
by a drifted Maxwellian). Section 4.3 then calculates the, dispersion relation for the
"trunaway" tearing mode including the effects of the electron beam.
87
4.1 Coupled Equations
The goal in this section is to derive a coupled set of equations for the fluctuation
potentials and li1 . As discussed in the previous section, the electron response
is given by applying the normal stochastic approximation (NSA) [17] to the drift
kinetic equation (DKE) [44] written for the fluctuations. The ion response is de-
scribed by the linearized Vlasov equation. Once the perturbed density and parallel
current are calculated by taking the appropriate moments of the perturbed distribu-
tion function, quasineutrality and Ampere's law are used to give a closed, coupled
system for 4 and All. This system is self-adjoint, hence, a variational principle can
be utilized to determine the dispersion relation.
The electron response is given by applying the NSA to the fluctuation DKE.
As discussed in the previous section, the perturbed electron response fe is then
described by
~efe - fo + he, (4.1)
Te
where the nonlinear electron response he is given by
+ vi - V - D a = S W)(4.2)
with
S(X) = V -- x b - V(fio + f,) - - A fo .1B cTe atC
The end result of the NSA is to convert the terms proportional to the fluctuation
potentials in the orbit operator acting on e into the spatial diffusion term ap-
pearing on the left hand side of Eq. (4.2). In physical terms, the NSA amouats to
introducing a spatial diffusion term in the orbit operator in place of the nonlinear
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'ermns w hich. through E B drift wave turbulence, produces such radial diffusion.
Equation (4.1) states that the adiabatic piece of the electron response is unaffected
by such turbulent diffusion. In the treatment which follows, the diffusion coeffi-
cient D appearing in Eq. (4.2) is to be treated as an external constant parameter
independent of the tearing mode dynamics, which is to be specified either through
experimental observation or through an appropriate theory of the underlying tur-
bulence.
The equilibrium electron distribution is given by fe = + f I. Here, fo is a
Maxwellian and fi represents the piece of the distribution which caries the equilib-
rium current. The current carrying part fI is given by
fio, regular tearingfi =V2
nb 5(Vjj - Vb), runaway tearing
where
fo = e /
and v= 2Te/me (with ve, Vb constant in space). In the regular tearing mode, fi
is the current carrying part of the drifted Maxwellian (where VDIVe 10-2). In
the runaway tearing mode, f, represents a monoenergetic beam of electrons with
density nb and speed Vb. (Typically, nb/n0 ~ 10-3 and Vb/ve ~ 10.)
In comparing the regular tearing mode to the runaway case, the total equilib-
rium current is to be held fixed:
J(x) = -envD = -enbVb. .3)
With this constraint, any differences occurring in the dispersion relation between
the runaway and the regular tearing mode will be the result of in which way the
equilibrium velocity distribution represents the equilibrium current (i.e., either by
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a current carried by a few fast electrons, or by a current carried by many slowly
drifting bulk electrons).
Equation (4.2) will be solved for a sheared, slab geometry with linear gradients
assumed for the equilibrium density and current profiles. That is,
BO = Bo(e, + x/Leey),
d d
no= -n 0 /L, and J=-J/ .
The origin in x will be chosen such that
kil=kBy, + kzB()_=kI
where k1l' = ky/L,. These slab quantities can be related to tokamak-type quantities
by identifying
ky = rmr and L, Rq2 /rq'
where r and R are the minor and major plasma radius and q(r) is the safety factor
profile. Also, throughout the following, a Fourier mode Qk(x, ky, kz, w) is related
to Q(x, y, z, t) by
Q(x, y,z,t) = Qk(x)ei(kyy + kzz - wt)
The solution to Eq. (4.2) for the nonlinear electron response he is given by
h, =drf
I -o00




G(x,x';v y, r) = (1/. 47rDr) exp i( -w kj'vj-x)r
I (k'vj)'Dr3 - (1/4Dr)(x- x' - iDkl 'oVr2)2
and the source term
Sk(X) wf +w. eLn.(fo+f1) (- Z1 i
where w,, = (ckyTe/eBL,). In Eq. (4.4), the kernal G(x,x',v 1 ,r) is a function
with a characteristic decay time rc = w-1, where w = (kj'V) 2 D/3, and with a
characteristic width xc = wc/k'Ve.
Moments of the perturbed electron distribution, as described by Eqs. (4.1) and
(4.4), can be taken to determine the perturbed electron density and current. In
doing so, it is useful to introduce the following resonance operators, R,[4'0:
1 [00 ) (
R.[k] = - dy dT dx'G(x, x'; voT) ( (' .I n, - 0 o f- 00V
where V; represents one of the fluctuation potentials.
For 4 and Ajj suffriently slowly varying in x, then the resonance operators
Rn[Oj can be replaced by multiplicative functions In(x) - O(x) by expanding O(x')
about x' = x. That is, for Xc/XT < 1, where XT idln O/dxj~', then to leading
order in Xc/XT
R.J[P] ~ I,(x)O(x) (4.6)
where
In(x) - drf dv11Fc(v 1,r) (-)n fO(vII)
n, o FO -o ,
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with the kernal
K(vil, r) = exp Ii(w - kj' jX)r (k'o V1)2 Dra
The perturbed electron density can then be written as




- [i(w - w*e)Ii - iZWe(rJI2 )] C }
and the perturbed parallel electron current can be written as
J10  {(w - W.e)Ii - w (r71I2)]
-ev-n- TL
-u~ [( )I2 - w- / I)ev" 9 .






Here, Kn refers to the beam electron resonance functions given by
Kn(x) = d F dvic(vll,r ) - b(vi - Vb).V,
A closed, coupled system for and A1 i can be obtained using quasineutrality
and Ampere's law. 'The expressions for the perturbed ion density and parallel






Quasineutrality, ii = n i, can be written as
L i + L.,11 0.
Ampere's law, V2Zg, + (47r/c)(j 1 + 11 ) = 0, can be written as
L 2AZI + LOb 0.
The operators L 1, L 2 and L. are given by
d
Tv2 d 2 -6+





- W.e)I 2  V iW.e (7J 13)
rVA +VA







with the following definitions:
d=(o--Fi)(+We/w), A= (1+ro
= r+ (1+ Z), =T/Ti
2i = 2(1 + CZ)r P, =pk2,
TV 2 W O = jY
where C = w/(k v), xe = w/(!kiilve), v= B 2 /(4'rmin,), and Z = Z(e) = plasma
dispersion function. In the above expressions, x is normalized in units of thi ion
gyroradius pi.
Since the above coupled system given by Eq. (4.11) and Eq. (4.12) is ,self-




L1 d2 Z d2 + (A + X2) +
S = - dx [qL1s 4 lA L 2ZX + 2 L ,ij
where ±a represents the plasma edge. The above variational form will be used to
calculate the dispersion relation.
At this point it is helpful to present a more useful form for the resonance
functions I,(x) and K(x). This the so-called "Krook" approximation (see Sec. 2.4)
in which the term - j (k1 'vj) 2Dr3 in the expression for ic(vil, r), Eq. (4.6), is replaced
by the linear factor -wcr, where w3 = (kjjve) 2D/3. This amounts to replacing the
term -Da 2/x 2 in Eq. (4.2) with the equivalent diffusive frequency w. Under
the Krook approximation, the functions I4(x) can be evaluated exactly in terms of
the plasma dispersion function, which can then be approximated by interpolation
polynomials preserving the asymptotic behavior at large and small x.
12 -i I 1 + IX}X,
wcX W + 1 + ix,
I1+ 1+ 2
2 xx c,
1 x( + ixe
12 = (1 + (eZ) ~ -1 +2 e
oczwe2 x2C 2X,
3 x!z
ix, 41 x, X
I2 = 21 (I+ Z) - (LT
wex 2c e W, +2 2 (1+ ie
2 x2C XC







Similarly, under the Krook approximation, the beam electron resonance func-
tions are given by
Kn(Z) =W - + I-
V, Wb Wb Xb.






where the term of order W/Wb - (W /W)(ve/Vb) 2 / 3 has been neglected.
In Secs. 4.2 and 4.3, the Krook approximate resonance functions, Eqs. (4.15)-
(4.16), will be used along with the variational form S, Eq. (4.14), to determine the
dispersion relation for the regular and runaway tearing modes. This is done by
inserting suitable trial functions for 1 and All into the integral S. The variational
parameters a, characterizing the trial functions are -then determined by setting
6S/60, = 0. The dispersion relation is then given by setting S = 0.
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4.2 Regular Tearing
The goal of this section is to calculate the dispersion relation for the regular
tearing mode. This will be done using a variational calculation similar to'that used
in Sec. 3.4, only now the calculation will be presented in greater detail including the
corrections of order w/w, necessary to see the runaway stabilization. The coupled
equations representing quasineutrality and Ampere's law, Eq. (4.11) and Eq. (4.12),
will be solved variationally using the variational form S, Eq. (4.14).
To begin with, it is necessary to find suitable trial functions for l and A1 l which
can be inserted into the variational integral S. The asymptotic behavior of these
trial functions for large x, jx| > z, must be consistent with the asymptotic form of
quasineutrality and Ampere's law. Recalling that the ion Z-functions which appear
in Eq. (4.11) and Eq. (4.12) are only valid for jxI < xi, then to leading order in
w/we, at large x, x, < IxI < xi, quasineutrality, Eq. (4.11), becomes
d 2  1 X2  Fo I fX 2  PbO
- = 0 (4.17)dx2 2 x? rco - ri 2 xfro -rTi k c
where terms of order xe/x < -/Xc w/wc have been neglected.
Assuming, in the region x, < Ix| < xi, that x2  - , E2 and
w/we - 1, then to leading order E', quasineutrality implies
A=O or ~w,, (4.18)
where the approximation 1o ~ 1 has been used. To first order in E, quasineutrality
implies
-A l = 0 or El = 0. (4.19)kii c
Hence, at large x, jx| > xe, quasineutrality reduces to the ideal MHD equation
El ~ 0 with the constraint w ~ w*e.
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Similarly, in the region x, < jx' < x,. Ampere's law can be written to leading
order in w/,c as
rA [d2 10 v2 (+ w," 47r 2kyJl,dc2[ -i-b-- k + -wi - Adc2 dX2 b 2 7-vA W C ik
+ (1 2  17 ) k 0 , (4.20)
2 x? ro - r, k0c
where terms of order xe/x < Xe/Xc W*/Wc have been neglected.
Using the fact that for jxj > x, quasineutrality states El = 0, then Ampere's
law reduces at large x to
[d2 47 2 kyJ'
-d2 _ b - 4-p k B 11 Z -0. (4.21)
The above equation is the ideal MHD equation for All at marginal stability. (This
will be discussed further in Sec. 5.3.) Hence, the conclusion is reached that at large
x, jxj > xe, quasineutrality and Ampere's law reduce to ideal MHD, Eq. (4.19) and
Eq. (4.21), with the additional constraint w ~ w-e.
It is further helpful to rewrite the variational form S, Eq. (4.14), in the following
way. After -integrating by parts, x can be written
S = [-CA -- A] + [ CO- 001 (4.22)
where
a 2 v2 V2-




.2 = dx ( j - A4 2 -(1+ {Z) ( -AAO
dx kile
+ 4- 2 -C
d- e d'1I~ 
I
+ ~We (7 j1)( - 2 jw. (7jJ12) ;AI -JJ (4.24)
+ d d + Co-weI4
with the boundary terms
O6A A IIi and 30= Z kYa a-
In the above expressions, ±a represents an intermediate position in the plasma
(whose value is to be determined variationally) beyond which ideal MHD is approx-
imately valid. That is, for |xj ;> a > xc, the plasma is sufficiently described by ideal
MHD.
The tearing mode is typically described by a slowly varying A1 l which is even
(nearly constant) about the rational surface, as indicated by numerical solutions of
the ideal MHD equation for marginal stability, Eq. (4.21). Also, since Ell = 0, this
implies that q is primarily odd about the rational surface. A suitable trial function
for the electrostatic potential consistent with these observations is
x 3 - ia2 x 
_ Ve
OTrial = . 40 X 4 , 0= xe -Ao, (4.25)X4 + a4 C
where a 2 is the variational parameter.
For small x, then
-ix
OTrial O-,o 2  as x 0,
and for large x, x 2 > a2 , then
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~ 1 L4
OT rial ~- 00~ =-: -Ao
x kj1c
which implies Ei = 0 for x2 > a 2 and nearly constant Al, Al ~ Ao. Hence,
the above trial function is consistent with ideal MHD boundary conditions at ±a
provided a2 <a 2 ~ xi, (since ideal MHD is valid for |x > xe).
In the limit that a 2 < xC, and since A 1, is slowly varying about x = 0, the
above trial function for implies that the limits of integration ±a can be extended
to infinity in the evaluation of the integral C4. By doing so, the integral LO will
be independent of the value of a. Provided a2 < X4, the error in evaluating L4 as
independent of a should be at most of order a 2 /X.
The trial function for A 11 is chosen to be of the following form:
I + L+x , for 0 < x < a (.6f+L-x ,or -a<x< (4.26)
The value of the trial function for A1 is required to match on to the ideal MHD
solution at ±a.
AlITria = A IIAfHD at x=±a
where AIIMHD is the solution to Eq. (4.21).
The ideal MHD equation for marginal stability, Eq. (4.21), can be solved asymp-
totically [37} at small x to give the following expression for AIlMH :




f~I+--Inx2+ A2 X2 (Inx 2 4-2b-3)+...
2 4
f~- (Inx 2 +2) + 2 (lnX 2 +2b- 2)+...2 2
A2x2g~Ax+ +...,g' ~A+A 2x+... (4.28)
2
which is valid for Ax < 1, where A = (v,/ VA)(VDLn/veLj)xe.
For the sake of choosing a mathematically simple trial function, the following
definitions for the functions f and g will be used at x =a:
f 1 + Ax, g Ax + 2
A, g' = A + Ax 2 . (4.29)
The error made in using the above expressions for f and g, Eq. (4.29), instead of
using the more accurate expressions, Eq. (4.28), manifests itself in so far as it being
equivalent to using a more approximate form for the trial function used for All.
Setting All,,, at ±a gives the following values for the slope of the
trial function for ill:
L+ = A + CfA ± -), (4.30)
2
where Ai has the form given in Eq. (4.26).
To find the value of the constants C± in terms of physical parameters, consider
the following definition:
&(x) =IIHD (MHD - (4.31)
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Numerical calculations for Alcator C profiles indicates A'(x) to be primarily linear
function of x of the form
A'(x) = Ao(1 - X/W). (4.32)
Here Ao represents the ideal MHD energy available to drive the tearing mode for
an infinitesimally thin dissipative layer and W represents the nonlinear island sat-
uration width. Using the approximate form for the ideal MHD solution, given by
Eq...(4.27) and Eq. (4.29), specifies C± to be
C+ - C_ = Ao/A; C+ + C_ A 0  (4.33)A2 W' (.3
The expressions for f and g assumed that Aa < 1 and requiring Al to be positive (as
observed numerically) requires C±Aa < 1. (Typical experimental profiles indicate
A Ao- 10-2 and W~ a - 10.)
Hence, the trial function for A,, is given by Eq. (4.26) with a linear slope given
by Eq. (4.30) and (4.33). The variational parameter for this trial function is the limit
of integration ±a which appears in the integral f A as well as the boundary term 3A.
Since LCA and fA are independent of , the variation with respect to the variational
parameters a and a can be performed independently of one another. (Recall that
in the integral fo, All was taken as constant and the limits of integration were
extended to infinity thus making Co independent of the parameter a.)
Consider the evaluation of the electrostatic and coupling terms represent by
the integral fL, Eq. (4.24), with the boundary term /3. Near the boundary x =a
the ideal constraint Eli 0 holds. Hence,





and the boundary term can be approximately evaluated to give
#4 ~_ _02 . (4.34)
As will be shown below, the integral £Co is evaluated to give approximately
2 ~ (1 + )(4.35)
'a3
Hence, the contribution of a finite electrostatic potential to the dispersion relation
is given by
- + i) + , (4.36)
where the last term represents the contribution from the boundary. However, it
has been assumed that a 2 /a 2 < 1, thus enabling the limits of integration ±a to be
extended to infinity. Thus, in so far as the limits can be extended to infinity, the
boundary term Op can be neglected. The error in neglecting the boundary term
is of order a 3 /a 3 . As will be shown below, to leading order a 2 ~- xi and a ~ x,.
Neglecting 30 amounts to neglecting a small stabilizing term (of order x3/2
which slightly enhances the particle inertial stabilization as indicated in Eq. (4.36).
Consider the electrostatic variational integral f4 given by Eq. (4.24). £4 can
be rewritten as follows:
wh = e + er (4.37)
where
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da F2 CZ 2\21
La dx VZ I - 2  (1 + kZ ) (- (4.38)
and
= [dx (6o - we)Io 2 + 2 (W - w.e)Ij b1  Ve
-a d
+ w ,(rig 1)- 2 - 2 W.e (r7 J12)*kI . (4.39)
Recall that the trial function to be used for 4 in the above integral is given by
Eq. (4.25) and that Ail is to be taken as a constant (since it always appears in
combination with .
In this section, the correction to the leading order result for LO, which is
given in the previous chapter, is to be calculated. Recall that the leading order
value for Lo is determined by the first and third (last) term in the expression for
Lo,. As will be shown below, the next order corrections to LO are due to the
second (middle) term in Lo,, which is proportional to A, and the second term
in . Notice that the first term in Lp, is smaller than the A term in f 0 by
w/we, and thus can be neglected. Similarly, the third term in LO, is smaller than
the A term in Lo, by w/w, and will also be neglected. As will be shown below,
A ~ (w - WUe)/W* ~ (nbvb/noVe) and recall rig - (nbVb/nove). The fourth term
in LO,, when written for the regular tearing mode, is odd in x and thus will not
contribute to the integral. When written for the runaway tearing mode, the fourth
term in LO, when compared to the second term in LO, is smaller by the factor Wc/wb,
and thus will be neglected. (As is discussed below, this calculation is performed for
2x2 = X , hence, wc/wb ~ Ve/Vb.)
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Neglecting the above mentioned terms, then the electrostatic integral is reduced
to 20 =E + LO, where
>,1 ~J dx [2 ( (w e)viqZAj !e (4.40)
a . C
and where CO,) is given by Eq. (4.38).
Recalling that the ion Z-functions must be expanded for x/xi < 1, then £O,
can be written as
pa fd b 2 2 X 2(.. W )
] dx [- - A 2 + 2x - )21 . (4.41)
Using the trial function for 0 given by Eq. (4.25) with Al = Ao = constant,
and introducing the normalized variable s 2  2/a 2, then the terms appearing in
Z, can be written as
__ 2= 0 4 10- 8S2iS
X W (s + ) 4 [s 2 - 6is'O - 15s' + 20is 6
+ 15s 4 - 61S 2 - 1], (4.42a)
and
2 l + 1) - 2is - s2 1, (4.42b)
and
2 =2 
-2(S4 + 1)~ 2 
_ 4+ 2is 2 + 1]. (4.42c)
Inserting the above expressions in L4., Eq. (4.41), and expanding the limits of
integration to infinity, which assumes a 2 /a 2 < 1, then Z, becomes
= [I'2 - 6i, - 151, + 20iI + 1514 - 6iI2 - Io
A
2 Ia - 2iZ14 - If] + [-4a + 2 *Ila + Ioa] (4.43)2x
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where the following notation is used:
dyyn 1 r.( ) ' (2- )Iaf- 
-y7  1- 
_______ (4.44a)
nI (y4+1)2 2 r (2) (
lb= - . (4.44b)
n _oo(y4 + 1)4 2 ( r)(4)
As indicated above, the integrals In and Ib can be evaluated analytically. Specifi-
cally, the integrals appearing in Eq. (4.43) take on the following values:
3o =ay, 2 = I yr a4 = I yr Ja =3 r
Io = -V2r, 2 = v 27r, 146 = v'2r, -= 27r,
8 8 8 8
Jb=77 b'
5 15 b =7.~ 1
44=-1 44, 1 44 4
Ija = j yr, Ifb = %r I!2 = fdr. (4.45)
Substituting the above values into Eq. (4.43), then £4) can be evaluated to give
__r 2 1 2zA 1
-'= 8 70 a(1 j + ) + + . (4.46)
Consider now the term CO, given by Eq. (4.40). Using the trial function
for given by Eq. (4.25) and the Krook interpolation polynomial for I, given
by Eq. (4.15b), then by letting the limits of integration go to infinity, 4, becomes
i =0 2a Au2  -iIj) (4.47)





n ~ (1 + c2 y 2 )(1 + y 4 )
with c2 = 2 a /2z . (However, since CO, is itself a small correction to the dis-
persion relation, the approximation can be made that U 2 ~ 1, thus neglecting a
further correction of order w-1wc to £~.) Again, the integrals In can be evaluated
explicitly to give
I = (1 + c4)"[c2 + I - V2c] (4.49a)2
1 = 2 (1 + c 4 )-c 2 - 1 + 2/cI. (4.49b)2
As will be shown below, a2 ~ 2x2. Hence the requirement a 2 /a 2 < 1 implies
a 2 /2x 2 < 1. In this limit, the leading order contributions to I and Ic along
with their first derivatives become
2 C
and
(cI)' ~ , (cI0)' - (4.50)
where the prime indicates differentiation with respect to c = a/vf2x.
Hence, CO = £4 + LA, becomes, using Eqs. (4.46) and (4.47),
Tointeariatn pa e a o + sets -/452 . (4.51)
To find the variational parameter a, one sets 6L b/ba =0. This gives
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2/ir [ 3 2iA 1] y 2r A .
,-(1 +i ) A+ ( + ) = 0 (4.52)8a4 a2 X? 2 x28 [ I - -
where the values given in Eq. (4.50) have been used in Eq. (4.51). The above
expression can be rearranged to read
1- 4A &4 - Axi&2 - 1 0 (4.53)
where the normalization &4 = a 4 /3x? has been made. (To leading order, &4 1.)
Typically, A - 10-2, xi - 10 and xi/x2 ~ 1. Introducing the small parameter
E =- Ax - 10-1, then
1-4 )&4- E& 2 - 1 = 0. (4.54)
Letting &2 = &2 + &2, where &2/&2 - E, then Eq. (4.54) can be solved to leading
order, , to give &I = 1 and to first order in E to give
(2 2 + -. (4.55)
Hence, &2 can be written to first order in E as
Sa 1+ Axi 2 + (4.56)
Using the values in Eq. (4.50) for c 2 < 1, then L4 can be written as
,V/27r 1 ViA a +4A£i 2=< 7r{( +--+-a( 1 +)+-} (4.57)8 a3 a 'X XC
where only the leading order term in c = a/v"'xc < 1 was retained in LO .
In the above expression, Eq. (4.57), the two terms proportional to A arm the
leading order corrections to the basic dispersion relation for the regular tearing
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mode discussed in the previous section. In these correction terms it is sufficien t to
approximate a by its leading order contribution, a 2 ~- 3x1 . For the remaining
terms in Eq. (4.57), it is necessary to use the first order correction to a given by
Eq. (4.55). Substituting the expressions
a-3 ~ (V/x)~3/2 1 - 3
and
a - (Fx )1/2 1 + &
into Eq. (4.57) for 4 then gives
L = 4 S .(d )-3/2 1 - +iA x +33(1 + 1&) (1+
0 1 +iv/xi + /2
+ 4A . (4.58)
Notice, however, that the &I contribution cancels itself out in the above equation
to leave
= 8 (Vzx) 3 /2 {4 + iAv/3xi](1 + ) + 4AVd (V/ ) 1 /2 }. (4.59)
Recall from the previous section that stability is determined from the real part
of LZk:
Re{ } ~ 4 8 (Vxi) 4 + V iA 4 . (4.60)
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Hence, 2, represents a stabilizing contribution to the dispersion relation for
RefC,} > 0. Recall that the above derivation of Eq. (4.59) assumed c2  a 2 /2x
v 'xi/2X2 < 1. Hence, the correction term, proportional to A, represents a stabi-
lizing contribution provided
1 v'/i
< < 2. (4.61)16 xc
Notice that xc = (wc/w)/(me/mi)1/2xi and x, = L/L,, where typically wc/w, ~
10 and L/L, ~ 16. Hence, Xj/x ~ 1.
As will be shown below, the runaway electrons produce a frequency shift scaling
as 6w/w. ~ (nbvb/nove) ~ 10-2. Hence, the correction term proportional to A
represents an additional stabilization of the order xjA - 10-1.
Consider now the magnetic terms given by the integral CA with the boundary
term 3A. In this part of Ch. 4, SA CA - 3A is evaluated for the regular tearing
mode. The evaluation of SA for the runaway tearing mode is presented in Sec. 4.3.
For the regular tearing mode, the variational form for the magnetic terms SA
is given by
'ar/d jI ) 2 +[b _ V2 i _o_'J2+V2 iW 7j1 j2 _11_ aS x dx TVA TVA '31 A-1a8 A =I dXjj )+ b - 2 i(w - W.e)I 2 + iwei sZ -
(4.62)
where ij = 2(VDL,/veLj) and ±a represents an intermediate position in the
plasma beyond which Al is determined by the ideal MHD equation, Eq. (4,21).
In this calculation, ±a also serves as the variational parameter.
In the Krook approximation, the resonance functions I2 and 13 are given by




13 + C2 22 2
22 u  /XC
where c= 1 + ze /Xc and a 2 = 1 + 2ixe/ex.
As discussed above, the following trial function is used:
ATrial 1±L~ x, x>a1+ L-x, x <-a
where
L± = A + C±A(1 ± Aa/2)
with
C++ C- = -Ao/A 2 W; C+ - C_ = Ao/A
and A = (v,/vA)Xe(vDL,/veLn) for the regular tearing mode. Requiring XTral
to be positive implies CaAa < 1. Typically, Ao ~ 10-2, W - 10 and A - 102.
Consider the boundary term /3A given by
#A = E'MH D a - AAMHDI-a (4.65)
where





AMHD(±a) f'- C-g'- A - C±A(I ± Aa)
where the functions f and g are given by Eq. (4.29). Hence, 3A can be evaluated
to give
a)+ a(L2 + L 2 ) + Aa (L+C+ - L-C_).
2
At this point, it is also helpful to evaluate the variation of OA with respect to
a, since this needed to find the value of a. Hence, doing this gives
S- A.+ (L6 2 L2) + 2aA2  + ) a2 A4
= W + L + (L+C+ - L-C-) 4 (C+ +C2 ). (4.67)
The integrals appearing in the expression for SA can be evaluated using the
following identities:
Jdx
a 2 + b2 x 2
J dxx 2
a





a 1 bxba tan~IF3 a
This then gives
a(L2 + L2) + 2ab -
+ 2 -(L+ + L [)xe a -
iV2 6W X, r2 ta-1 ( Cr2 a
TVA W* xe y 2 \2 x,/
2 -1-xe tan 1
(4.69)
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where 6w = w - w-,. The correction terms proportional to , /w, contained in cri
and C 2 are necessary to see the effects of a finite frequency shift bw - 0.
At this point, it is useful to expand the above expression for small xe/xc. This
is done using the following expansions:
2a1 tan
0 2 ( c
~ [tan ixe a/v'2xc
xc 1 + a 2 /2xJ
30r2
tan £32
= [ tanI 3 a
i2 x,
ix v3a/v/2x tan
Xc 1 + 3a2/2x, tn
Inserting the above expansions into Eq. (4.69) for SA gives




+ L.) xc [a
0(1 -a -
tan- + ix, a/ 3X, 1±+ a2/3j
-(tan-' a + ( 2 -tan~
+ A2x(L+C+ - LC)}
where the normalized parameter a2 = 3a 2 /2x2 was introduced.
To find the variational parameter 6, which represents the width of the dissipa-
tion layer, SA must be varied with respect to a. Using Eq. (4.69) gives
6 SA
ba
.2vi 6w Xe a1  A 30 2 2a 2 (L+ + L)
rU +2a2/2xC x, 2x, 1 + 3C2 a2 /2xa I









( 3 a(47bS2 x, )) .(47 )
- 1
Notice aA 2 (L.C, - LC-) ~Aa/W and a2 A4(C2 + C2) ~ A2a 2 /W. Hence,
these two terms are smaller than Ao/W by at least AOa < 10' and will be ne-
glected. Also the approximation will be made that L+ 4- L_ = 2A - Ao/(AW) +
AaAo/2 ~ -Ao/(AW). The leading order contributions retained in the above
approximations are suffrient, since the goal of this calculation is to determine the
correction due to finite wse/wc, and the terms neglected were independent of Wee/wc.
Using the normalized parameter a and neglecting the term b - 10-4, then Eq. (4.72)
becomes
- i V m tz e O'1 A0  2u 2 a 2  A0
-Vw X, C1 AO 2U 2 a2 + = 0 (4.73)2o W*, X, 1 + 02 a2/3 W 1 + Cr2&2 W
where SSA/6a has been set to zero to determine a.
Assuming (v/rV2)(bw/we) ~ Ao/W, then to zeroth order in xe/xc Eq. (4.73)
specifies a = 1. Letting a2 = a2 + a2, where a2/a2 ~ xe/xc, then to first order in
Xe/x, Eq. (4.73) becomes,
TV2  -2_e bw x, 3 .AO x, A a, 0.
A V  wwe xc 4 W X W 2
Hence, a 2 - (2X2 /3)& 2 with a2 = a + a, where a = 1 and
a2 x 3 v W Wa =-2i- 1 +A . (4.74)
Xe 4 roTV2 a
The above equation for a' represents the correction due to finite We/wc to the
leading order result a0 calculated in the previous section. This result assumes
(v /rve)(6w/we) ~ Ao/W and Aa, AOa < Xe/xc. Typically, AO - A and W ~ a.
Introducing the notation
e /3 vi o5wW
a =ao(1+ a/2a) =1- i-W 
1 0X, 4 (4. W7e AO
1 + bb (4.75)
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and using the expansions
tan- (1 /') + 6a and tan ~ + ba,
v'/3 4 4
then the expression SA given in Eq. (4.71) can be written
2V_ iv2 6w 32 [ + +eSA = xcb - -x, +
3 TV2AW.e 3 4 \X
2o 1 7r ba ix, 7 r
-2-- -x 1+6-(-+~ -+
- W 3 X,4 +2 + c 2 4)
A _ 1 -- (1 + ba) (4.76)
where the approximation L+ + L_ ~ -Ao/(AW) has been used and the last term
in Eq. (4.71) has been neglected, which is consistent with the above calculation of
a2 = 2
Using the definition of 5^a given in Eq. (4.75) allows the above expression for
SA to be written as
22 iv2 6w 2 9 .x b v w W
SA = xeb -e 1i -
3 2 W., 3 16 x, 7-v We A")
-x - o - j (4.77)X 2 3 W 2 W
The dispersion relation for the regular tearing mode is found using the lotal
variational form S = C,6 + (rv/dc 2 )SA, where the electrostatic term Z,6 is given
by Eq. (4.59) and where the magnetic term SA is given by the above expression.
This gives
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S /-i 2, ivv, fw W
V 3 2 c2 W.e\ 16 r. 7w~e oXc /
+ .c 2 [2Xb - I - AO 1
3 xev2 3 3 2W k2V3WIJ
7 Vi 1/ 2  .- bw .w (ZX,)112+1 4 -v [)~ 4 + i - Xi We)(1 + 2) + 2V/xi ,e X4 Ve IA 2 w~e /w~e xc (.8
(4.78)
Setting the imaginary part of S equal to zero gives the real frequency shift:
#wr ( _ 1/2 i+ -- ni Xe 1 A(
W..e \j3Irmix / 8 w,e 2 mi /i W
where 5w, = Wreal - W e.
Setting the real part of S equal to zero gives the growth rate for the regular
tearing mode:
3r m,1/2 1 
-l Xc) - 2\/ b
W-e \2mi v/6\ W) 3
7r 2xi) 1/2 #1 V/ br 6w,,. 1/ 2
\/ 2m\ 3/W Xe
+ r (m M w, 2 W (4.80)16 3r me we nXc
In the expression for the real frequency shift 6Wr/W*e, Eq. (4.79), there- are
two main contributions. The first, proportional to (Mie/Mhx)1/2, is the resultof a
nonzero electrostatic potential q and represents a frequency shift due to finite ion
inertia. The second, proportional to (Mieo/mii3 W), represents a frequencyshift
resulting from the correction to the dissipative layer width, a =+ +a. (The term
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proportional to er e on the right of Eq. (4.79) can be neglected, since 6w/we is
small.) Typically, 3, me/mi, xi = L,/L, ~ 10, Ao ~ 10-2 and W ~ 10. Hence,
bw 7/ M 1/2 - ,IA
~W gr mlA (4.81)
W-e 3rmii 2 mi fi W (
Typically, the first term is 10-2 and the second term is 10-, which agrees with
the numerical results indicating a small positive shift away from W.e or the order
of 10-2. However, at certain parameter regimes (at low /i and high Ao) a small
negative frequency shift is observed, which also agrees with the above expression.
In the derivation of the expression for the growth rate, Eq. (4.80), it is impor-
tant to keep in mind that the following assumptions were made:
AOa (VFX,) 1 / 2  V 2 6 U. A
< 1,a<d1,eand < (4.82)AW X, To V .2 e WA W~.e W 4.2
as well as the implicit assumption w ,/wc < 1.
The first term in the expression for the growth rate, proportional to AO, rep-
resents the ideal MHD energy drive for the tearing mode. Included in this term
is stabilizing effect resulting from a turbulent broadening of the dissipation layer.
Hence, Ao(l - xc/v6W) represents the magnetic energy outside of the dissipation
layer which is available to drive the tearing mode. Clearly, if x, > v/6W, then
insuffrient free energy exists to drive the mode and stabilization occurs. Here,
W represents the width at which the magnetic islands saturate nonlinearly. Since
S~ D'1'/3 and if D ~ 1/n, then the condition z > V/W implies stability at
densities below some critical density.
The second term in the expression for the growth rate, proportional to b = ky
represents the energy required to bend the magnetic field lines within the dissipation
layer. This term is stabilizing, but typically small (xcb - 10-3).
The third term on the right of Eq. (4.80), which is proportional to v'i#jo- rep-
resents the energy necessary to sustain the particle oscillation at the real frequency
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w= , + 6w. This term is the result of including a nonzero electrostatic potential
4 which couples the wave dynamics of the tearing mode to the drift wave branch.
(The electrostatic drift wave [151 is described by L 1 = 0, and the magnetic tearing
mode [131 is described by L 2A 1 = 0.) Since this term is proportional to 0j, then
this implies that the tearing mode can be stabilized at suffriently high densities
(for /i above some critical value). Included in this term is a correction proportional
to bw/w-e. This term represents the additional energy required to maintain the ion
oscillation at the shifted frequency w = we + bw.
The fourth term in the growth rate expression, which is proportional to
(bW,/wse) 2 , is a destabilizing term arising from a nonzero frequency shift 6W,.
This term can be viewed as a correction to the energy drive which results when
the real frequency of the mode is shifted away from w,,. Assuming the scaling
(ve/ v)(w/w e) - Ao/W implies that this term scales as and is the order of the
correction term to the ion inertial stabilization (that part of the third term pro-
portional to 6w/w*,). As was assumed in this calculation, these corrections to the
growth rate are of order Lw/wc ~ 10-1.
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4.3 Runaway Tearing
The goal of this section of Ch. 4 is to calculate the corrections of order w-,/wc
to the dispersion relation for the runaway tearing mode in order to analyze the
effects of a finite frequency shift bw = w - w , : 0. This procedure is identical to
that used in Sec. 4.2 where the effects of a finite frequency shift were calculated
for the regular tearing mode. As discussed in Sec. 4.1, the equilibrium current
for the regular tearing mode is modeled by a drifted Maxwellian; whereas a low
density, monoenergetic electron beam on the tail of a Maxwellian is used to model
the equilibrium current in the runaway tearing mode.
The coupled equations describing the fluctuation potentials, L4 I+ LAl = 0
and L 2AZ1 + L.q, = 0, are defined in Sec. 4.1 by Eqs. (4.13). As in Sec. 4.2, the
variational form S defined by Eq. (4.14) is used to calculate the dispersion relation.
Again, the variational form S is separated into magnetic and electrostatic terms,
S = (rvA/dc2 )SA + S6, where SA LA - #A and So = Lo - 00. The integrals
LA and L4 are defined by Eq. (4.23) and Eq. (4.24) along with the boundary terms
/3 A and 3#k. As discussed in Sec. 4.2, the coupled equations describing 0 and Al
reduced to ideal MHD with the additional constraint w = w., at large x, 1xI > xc.
This holds for both the regular as well as the runaway tearing mode. Hence, the
trial functions used to model 4 and Al in Sec. 4.2 for the regular tearing mode,
given by Eq. (4.25) and Eq. (4.26), are suitable to use here for the runaway tearing
mode.
As discussed in Sec. 4.2, the boundary term i3 can be neglected. The electro-
static integral L4 was calculated in Sec. 4.2 and is given by Eq. (4.59) to be
=(V/x, 3 /2 {[4 + iAv/'xi](1 + i) + 4AV-xi (/)/ ( .83)
where it has been assumed that (v/1xj)1/2/xc < -1. This expression for 2 g was
calculated to be independent of the current carrying terms and, hence, it holds for
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both the regular and runaway tearing modes. [Notice that neither VD or Vb appears
in Eq. (4.83).]
The boundary term OA' for the runaway tearing mode is again identical to that
used in Sec. 4.2 for the regular tearing mode. This is true since 3A depends only
on the trial function and the outer ideal MHD solution for ill. The expression for
3A is given by Eq. (4.66), and the expression for O 3A/ 6 a is given by Eq. (4.67).
The magnetic integral CA for the runaway tearing mode is given by
'a d1 { )2 iV2 6W e Ui . A 1ix/x]'~
-C= da; + b-..... + I- Aj
-a dx . V . W e 2x, 1 + a 2 x 2 /2x2 xb 1 + X21X2
(4.84)
where Krook approximate forms for the resonance functions 12 (x) and K 2 (x) have
been used used. For the runaway case, A = (v/rV)Xe(nlb Ln/noVeLj).
The only difference in CA between the regular and runaway tearing modes is
the last term which is proportional to A. This is the only term which involves the
equilibrium current. As can be seen by comparing Eq. (4.84) with Eq. (4.62), the
term proportional to A for the runaway case has gained a significant imaginary piece
whose counterpart is absent for the regular case. The importance of this imaginary
term will be the production of a significant frequency shift for the runaway tearing
mode which is absent in the regular tearing mode. Combining the imaginary part
of the A term in Eq. (4.84) with the term proportional to 6w/w-, implies that a real
frequency shift will arise of the form
bw rv2 A 2x, 2x, nb Vb L,
- ~ ' (4.85)
W*e Ve Xe Xb Xb no v( L)
which, as will be shown below, is the correct form for bw/w*, arising frorm the
electron beam.
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Tsing the trial function for All given by Eq. (4.64) along with the integral
identities given by Eq. (4.68) allows CA to be written as
LA a(L + L) + 2ab - -x!2 bw ctan' a
AV W*e Xe c 2  2 xe,/
a2 3 a~t
+i[ 2xXbtan_- 2 (L + L-)xba-xb a -. (4.86)
b Xb" XbXb )
The term proportional to bw/wse can be expanded for small w*e/wc by using
Eq. (4.70a). This allows SA = -CA - 3A to be written as
SA= 2ab - -Ve tan_1  a Vb Ln _an-' a
Xeb----/[6w a X, aTVA ** x 1% ve Lj
+i.Xe W a/vxc 1 + 2A(L++ L) (a - xbtan-1
Xc We 1+ a 2 /2x2C Xb
- {OA - a(L+ + L2)}. (4.87)
The variational parameter a is determined by varying SA with respect to a.
This gives
bSA e Oc[6 U X nb Vb Ln 1 ]
.5a - 2b - iv1+ ca 2 /2x1 -2----- 2L21ba TV2 X, [W* 1 + f2a2/2X 0 n, v, Lj 1 + a2b
+ 2,A(L+ + L) a/x 6A -(L+ + L_) . (4.88)
1+ a 2 /x 6a
The parameter a is then determined by setting bSA /6a = 0.
Assuming the scaling bw/w*e - (nbVbL,/noveLj) and a2  x implies that
the largest terms in Eq. (4.88) are the two terms enclosed by the square braekets.
The remaining terms are smaller by at least Aoa/AW. Recall that it is assumed
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Aoa/AW < I (or L-a < 1) which is necessary to insure that Rg{ZA} remains
positive. Letting a(, signify the leading order contribution to a, then setting the
leading order contribution of 6SA/6a to zero implies
6w 1 2x, nbvb Ln 1
w-e 1 + a /2 2 Xbo Ve Lj 1 + a2/x ' ( )
However, the leading order contribution to the real frequency shift, bw/we, is deter-
mined by setting the leading order imaginary part of SA, as is given by Eq. (4.87),
equal to zero. This gives the beam frequency shift to be
6w J jflVb Ln tan-'(ao/xb)
Wfe n, v, Li tan-'(ao/Vxc)(
Inserting Eq. (4.90) into Eq. (4.91) then gives the following equation to determine
ao:
tan-ld 01a!ta1 -L 1 += / 03 (4.91)
tan 1 (ao/) 1+a
where the normalized parameters & = a/xb and f - xc/xb have been introduced.
Unfortunately, Eq. (4.91) cannot be solved analytically to yield ao for arbitrary
0. Actually, N =V-(VbDo/veDb)1/3 where Do represents the spatial diffusion
coeffiient for the bulk electrons and Db represents the spatial diffusion coefficient
for the beam electrons. To get around the problem of not being able to solve
Eq. (4.91) analytically for arbitrary 6, the special case where Db/Do = 22/3t b/Ve
will be examined. In this special case = 1 or Xb = Vxc. When this is true,
Eq. (4.91) is exactly satisfied for any value of ao. Hence, ao must be deternmined
form the higher order terms remaining in Eq. (4.88) for 6SA/Sa.
Notice that for Xb = vxe, then the beam frequency shift becomes, according
to Eq. (4.90),
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. wb -nb vb L,
bw~e no ve Lyj
Letting 6w, 6-O - &Wb (as will be shown below, bwj/w. - (me/mixi)1/2 and
is the frequency shift by finite ion inertia), then for Xb = \/x Eq. (4.88) can be
written as
6SA i _2 xe (6w 1 ixe 6w 1-a 2 '
ba rvx X e 1+ a2 + Xcw-e (1 + a2)2
Ao /2&2
+ - / (4.93)W I1+ a2
where a 2 = a 2 /x2. In writing the above expression, the terms 2b, 2aA2 (L±C+ -
L- C-) and a2 A4 (C2 + C2 )/4 were neglected (as they were in Sec. 4.2) and the
expansion
Ui 1 ix, 1 - a 2
1+a2a2 1+ a2  Xc 1+a2
was used.
Assuming bLw/ 6 wb - x/xc and assuming (v./rv )xe/xc(6wI/we) < AO/W,
as was done in Sec. 4.2, then to leading order 6SA/6a = 0 becomes
(1 - ) = 0 (4.94)W 0+ =
where 02 = 1 + t and 1 /0! < 1. Hence, Eq. (4.94) specifies ag = 1.
To calculate the next order correction a2, 6SA/6a = 0 can be written as
i 2 e w x 1 _ a 2 o 1 - a 2 -_ a 2 ) = 0 ( .
roe -+a \2 ws + XC Wse (1 + a2)2 + W \ + a2 + a2 0.(.5
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Setting d2 = 1 then gives
h2 i", Xe bSW W
. ~ W.A(4.96)
To determine the dispersion relation, the expression for a2 = ± +2 is inserted
into the integrated expression for SA. For the case Xb = Vxi, Eq. (4.87) becomes
=2x 6W W ixe bw5
A 2V2xb- \v [ W/e 2-e / ta Wne 1 + 2
TVA ~ W~e Xa
A- 1 1 - V2 (2 tan-' a - b) (4.97)
Notice the following:
i) =1 + 6, where 6& = &2/2t,
ii) 2tan 1 a - & ~ 2(tan-1 1 + 5a/2) - (1 + a)) =7r/2 - 1 ~ 1/2
izi) a - -.I +,a2 -1 + (1 + 2ba) 2
Hence, to first order in ba, SA becomes
ibub (7 i V2 6W W XeSA = 2v/2xeb - iv2-e ) 2 '
A W*e W*e 4 4 rA W AA XC
Zxe /w V XC
+- - AO 1 - . (4.98)2xcW.eJ 2 W j
To find the dispersion relation for the runaway tearing mode, the total varia-
tional form is used, S = (rv/dc 2 )SA + SO. Using Eq. (4.83) and Eq. (4.98), S can
be written as
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2S = i-i -Xe
2 c2 \R







Xe V2 6w W
xc rvA e A0W
+ i (VX.)- 1/2 4 +i x (1+i)
4 /3 v, 2 e
- L, (V/5X,) 1/2+ 2N/3xi --.
Wse XC (4.99)
The real frequency shift for the runaway tearing mode is given by setting the
imaginary part of S equal to zero. This gives
'wr _ 2_ nb Vb n
W. e n, v, Li
+4 me 
1/2
\l/3 \//drm x /
The growth rate of the runaway tearing mode is given by setting the real part
of S equal to zero. This gives
\m 
e ) 1/22 i
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Mi 3/2
+ -= M 0 SWj 2 W 
Xe
,i W AW~e A, XC (4.101)
where bwj/we = bww,e - SWb/w*e and 5Wsb/We = \/-(nbVbLn/noveLj). -
The expression for the real frequency shift of the runaway tearing mode,
Eq. (4.100), has two significant contributions. The first is the beam frequencyshift










by viewing the beam electrons as a fluid of density nb moving at speed 6 Vb = 6 b/k
relative to the rest frame. This point will be discussed further in the last part of
Ch. 5. The second contribution to the frequency shift is the ion inertial term,
6i/Wie ~(me/rmix,)j/ 2 . This term appears in the frequency shift of the regular
tearing mode and is the result of including a non zero electrostatic potential 4.
Physically, this shift arises from the finite inertia of the particles (specifically, the
electrons). Both terms, 6wb and bw1 , are positive and typically b6W > 6wI.
The expression for the growth rate of the runaway tearing mode, Eq. (4.101),
was derived after assuming the following:
_Oa (/_X)1/2 v2 bWI Xe Ao
A WeXc W'
< 1 and Xb =- VxC. (4.102)
bWb
The first three inequalities were also assumed in the analysis of the regular tearing
mode whereas the last condition, Xb = /Xe, is necessary in order to solve for a2
analytically.
The first term in Eq. (4.101), proportional to Ao, represents the MHD energy
drive produced in the region outside the dissipative layer. Included in this term is
the stabilization which results from turbulent diffusive broadening of the dissipa-
tive layer. The second term, proportional to b, represents the energy required to
bend the magnetic field lines in the dissipative layer and is stabilizing. The fourth
term, proportional to #i3y'xi, represents the energy required to sustain the particle
oscillation at the real frequency w = w.e + 6w. Included in this term is a correction
for a finite frequency shift 6w. The fifth (last term) in Eq. (4.101), proportional to
(bw 1/w.e) 2 , a correction (destabilizing) to the MHD energy drive which results due
to the presence of the finite particle inertial frequency shift 6wj. These four terms
also appeared in the expression for the growth rate of the regular tearing mpode,
Eq. (4.80), and were discussed previously at the end of Sec. 4.2.
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The new term which appears in the growth rate for the runaway tearing mode
is the third term, which is proportional to (ze6W/zco-e). This term results from
the inclusion of the electron beam as the current carrying part of .the electron
equilibrium distribution: Physically, this term represents the energy required to
maintain the particle oscillation at the beam shifted frequency 6 bw/we. This term
scales as and is the same magnitude as the stabilizing correction to the ion inertial
term (the fourth term), also resulting from the frequency shift.
In comparing the above results for the runaway tearing mode to the regular
tearing mode, there exist several important differences indicating. enhanced stability
for the runaway tearing mode. First of all, the real frequency shift of the runaway
tearing mode is significantly larger than that of the regular tearing mode. The
expressions for bw/we of both the runaway and regular tearing mode, Eq. (4.100)
and Eq. (4.79), contain the particle inertia shift bwi/w.e > 0. The runaway fre-
quency shift has the additional positive term of the beam frequency shift bWb > 6OI;
whereas the regular tearing mode has the additional negative frequency shift which
scales as (mAo/mjWfl). This negative shift can, in practice, nearly cancel the
positive shift boj in the regular tearing mode case.
Comparing the growth rate expressions, Eq. (4.101) and Eq. (4.80), indicates
that both runaway and regular tearing modes contain the additional stabilization
correction term, proportional to bw/w.,, contain in the ion inertial term (propor-
tional to #i//). The growth rate of the runaway tearing mode, however, contains
the additional stabilization correction term, proportional to (Xe 6 w/xc-we), result-
ing from the beam electrons. Since 6w is significantly larger (and positive) for the
runaway tearing mode, the above two observations indicate greater stability for
the runaway case. Notice that the last term in Eq. (4.101) for the runaway case
is a destabilizing correction which is proportional to (6WI/w .) 2 , independent of
the beam frequency shift, and hence, is essentially the same as the corresponding
term for the regular tearing mode. In short, enhanced stability for the runaway
case results from the appearance of the beam frequency shift bb > 6wj, which
then feeds back into the growth rate through stabilizing corrections proportional to
bw/wse. These stabilizing corrections, however, are subdominant by order w*,/wc
and, hence, are only important when the leading order terms in the expression for




In this chapter, a fluid theory is developed which reproduces the basic results
of the previous chapters regarding the effects of turbulent electron diffusion and of
runaway electrons on the tearing mode. The goal is to determine a set of fluid equa-
tions for the study of low-beta, low-frequency electromagnetic fluctuations which
is the equivalent of the NSA kinetic theory of Ch. 2. It should be kept in mind
that the fluid theory pfesented in this chapter is implicitly developed for the use of
analyzing the stability of fluctuations. This fluid theory is not intended for use in
the study of equilibrium transport in a turbulent system, just as the NSA kinetic
theory of Ch. 2 is implicitly intended for the use of studying the stability of plasma
fluctuations. The fluid model is developed as a set of fluid equations for the full
fluid quantities (equilibrium plus perturbations) only in so far as to enable these
equations to be linearized about the equilibrium to determine a set of equations
for the perturbations. A fluid approach is useful in that it is often an easier model
to interpret physically compared to a detailed kinetic mode (in addition to being
mathematically simpler). In particular, it is shown that the NSA kinetic theory
is equivalent to a fluid model in which both the perturbed density and perturbed
momentum are diffused radially at equal rates.
In Sec. 5.1, these fluid equations are derived by taking the appropriate moments
of the NSA version of the drift kinetic equation. This set of fluid equations is then
used to provide expressions for the perturbed density and the perturbed currents in
terms of the potentials 4 and All. These expressions can then be combined through
quasineutrality and Ampere's law to give the fluid theory equivalent of the couple
equations for 4 and All given by Eqs. (2.30) in Sec. 2.3. This fluid model is then
applied to the tearing mode in the presence of turbulent electron diffusion for two
cases: (1) when the equilibrium plasma current is carried by a slow flow of thabulk
electron fluid ("regular" tearing), and (2) when the equilibrium plasma current is
127
carried by a fast flow of a low density electron fluid, which exists in addition to
a stationary bulk electron fluid ("runaway" tearing). The regular tearing mode is
analyzed in Sec. 5.2 and the runaway tearing mode is analyzed in Sec. 5.3. The
results for the perturbed parallel current and perturbed density as well as the growth
rates for the regular and runaway tearing modes agree extremely well with the
kinetic theory. In Sec. 5.4, the full fluid model is then reduced to the bare basics
necessary to describe the tearing mode including the effects of turbulent diffusion
and runaway electrons. This is done by keeping only the magnetic potential il.
The physical interpretation of this "bare basics" model is then discussed in detail.
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5.1 Fluid Model
The basis for this fluid model will be a drift kinetic equation similar to that
used in the preceding kinetic analysis. This drift kinetic equation has the following
general form.
[ +vlb - V + iD V ' + -- El f = C(f) (5.1)[at m (9VI
where iiD represents the motion of the particle's guiding center due the fluctuating
fields IE and B1 , and C(f) represents changes in the particle distribution function
due to transport processes involving both Coulomb collisions and turbulent effects.
The above form of the drift kinetic equation also neglects the slow drift caused by
the curvature of the equilibrium field lines.
For the present problem in which the magnetic fields are straight and for fluc-
tuation frequencies w ~ w., < w,,, the perpendicular guiding center motion is
described by
where
BIE - c kXb and =V X z Alb.
The first term in Eq. (5.2) is the E x B drift, and the second term is the perturbed
perpendicular velocity resulting from the particles free streaming along the total
field lines B3 + Bo.
A detailed form of the collision operator will not be presented; instead the
collision operator will be represented symbolically as follows:
C(f) = CL(f) + CT (f). (5.3)
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Here, CL (f) represents a Landau-type Coulomb collision operator {65' transformed
to guiding center coordinates and CT(f) represents the turbulent collision operator.
This fluid theory is concerned only with how the turbulent collision operator enters
into the perturbed fluid equations as a spatial diffusion operator as described by
the NSA kinetic theory in Ch. 2.
The detailed form of the full collision operator, however, is needed if one wishes
to study the equilibrium transport in a turbulent system [66}. This is a very com-
plicated problem in itself and will not be discussed here. For example, Swartz and
Molvig [67-69 calculated CT(f) for electrostatic drift wave turbulence using the
NSA to be
CqI 2 k(x)vII a2 + ReIk,(x,vj
me kw 2 k
x Sk(x) (2kI (x)v a 2 + ky ) fe, (5.4)
where 11, is the electron cyclotron frequency. Sk,(x) is the spectrum of the poten-
tial fluctuations and the resonance function I'k is given by
I00(x,vjj) = drexp i(w .- ki(x)vij)r - (k ' V )2D r3 ,
where the spatial diffusion coeffiient D is a function of the spectrum Skw(x) and
must be determined self-consistently. In general, the spectrum Skw (x) is determined
by a nonlinear mode coupling equation [70].
In a fluid model, the precise structure of the collision operator is needed in so
far as enabling one to obtain the appropriate velocity moments of such an operator.
In this model the zeroth moment of the collision operator will be used as well as the
first moment. The zeroth moment and the first moment will be defined as follows:
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C o  J dvjC(f) = C + CIT
C1  mf djivtC(f) CL + CT. (5.5)
In the above expressions, the moments of the collision operator were again divided
into two parts, one representing the effects of Coluomb collisions, CL, and one
representing the effects of turbulence, CT. The final form in which these collision
operators appear in the fluid equations is in the form written for the equilibrium and
the perturbations. The equilibrium forms for the collision operators are denoted as
and the perturbed forms are denoted as
In the NSA drift kinetic equation for the perturbed electron distribtuion fe,
Eq. (2.20), the perturbed turbulent collision operator appears in the form
07T = D a 2
where fe = (ef/Te)fo + h,. (Recall that the adiabatic response was found to be
unaffected by the presense of E x B turbulent diffusion.) Hence, taking the zeroth
and first velocity moments of the above expression indicates O5T and Tj to be of
the form
a n + Te
Cf = a DT njol + hVjjo) (5.6)
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where the fluid density and parallel velocity are defined by
no dv1 1 f, nV dglvi
and
h = dvilf, nV 0 + noV11  J dv jvf.
In Eq. (5.6), D' represents the turbulent diffusion coeffient for the diffusion of
the perturbed density and D represents the turbulent diffusion coeffrient for the
perturbed moment. In general, D and D need not, be equal since D is in general
a function of velocity. However, for the NSA theory of Ch. 2, D was taken as a
constant, hence, D = DT = D.
Recall that in the NSA kinetic theory presented in Ch. 2, the Krook approx-
imation was introduced in order to simplify the mathematical treatment of the
diffusion operators. This amounted to replacing the diffusion operator -D 2 /z 2
in Eq. (2.20) with the effective diffusive frequency w, = [(k'Ive) 2 D/3] 1/ 3. (See
Sec. 2.4.) Hence, the Krook approximation to the NSA is equivalent to the follow-
ing approximate forms for the turbulent collision operators:
CO n 
- T no)




Again, in general, wT and w4 need not be equal. However, the NSA Krook-
approximate kinetic theory specifies wT = WT = we, which physically states that
perturbed density and perturbed momentum are diffused at equal rates.
In order that a collisional limit of the fluid equations may be taken, a Krook
Coulomb collision operator will also be introduced. Hence,
Of0
5T = -my(iV1o + nol 11), (5.8)
where v is the collision frequency. Recall that the Krook collision operator only
affects momentum transfer. Although the NSA kinetic theory neglects Coulomb
collisions, they will be included in this discussion in order to compare the dissi-
pative effects of turbulent diffusion to the dissipative effects of Coulomb collisions
(resistivity).
To obtain a set of fluid equations, the appropriate parallel velocity moments
of the drift kinetic equation, Eq. (5.1), are performed. The zeroth moment yields
the following form of the continuity equation describing the evolution of the plasma
density:
(V[ ' _ +v v VE 1 BIL )] nC 0C0 (5.9)
where V = (-c/B)Vk x b and the following definitions for the fluid variables
have been used:
n aJdvif and nVII dvllvif.
The first moment of Eq. (5.1) gives the following form for the parallel moinen-
tum equation:
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M Va + V - V1b + VE, 1 n
-V1 P - B1  - P11 + qnE + Cf + Cf. (5.10)
In deriving the above equation, the following definition was used:
m dvitvjjvjf =m JdvjI(V + ~ )(VI +i 1)f
=mV112 Jdvif + m fdvj~ 2f
mV 12 n + P11.
The above form of the momentum equation, Eq. (5.10), can be put into the
standard form by substituting the continuity equation, Eq. (5.9), into the left hand
side of Eq. (5.10). Then, the momentum equation reads
mna + (Vilb + $Ei 3 -L B1
-VgP - V- - Bi P11 + qnEl1 + (CL + Cf) - mV11 (CL + CT). (5.11)
This set of fluid equations Eq. (5.9) and Eq. (5.10), is closed by using the
isothermal equation of state relating the pressure to the density:
P11 = T11n, where T1 = constant. (5.12)
This isothermal equation of state is a reasonable approximation in a plasma in
which the parallel thermal conductivity is very large. Moreover, the isothermal
response for the perturbations, P11 = iHT, is valid in the case when the electrons
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experience primarily an adiabatic response, f, ~ ft e /Te, as is true in the kinetic
theory. Such a response is dominant when the following two terms balance in a
kinetic equation:
av b - Vf, = - -fo. (5.13)
The above relation states that the electrons respond instantaneously to electric field
perturbations along the field lines (i.e. infinite parallel conductivity).
To study the equilibrium version of these fluid equations, it is assumed that
spatial gradients along the field lines are zero. The equilibrium version of the
continuity equation, Eq. (5.9), states
a - a a (.4
no = Co ~ -Dpg-no
at 19X X (.4
where a typical form of i% was introduced for the sake of discussion. Here DP is
the particle transport coeffrient. In this form the equilibrium continuity equation
becomes the familiar diffusion equation for the equilibrium density in the presence
of a radial flow given by ., = -D,(a/ax)no due to transport processes (collisions
and turbulence). For example, classical transport [36] specifies D, ~ p vei.
The equilibrium version of the momentum equation, Eq. (5.11), states
mno + -1 - mVl -o. (5.15)
Note that Eq. (5.14) states (d/dt)no = Co. Substituting this into the above equa-
tion gives the following equilibrium relation:
a
m (noVjj) = qn o E + C 1 . (5.16)
The leading order form of C1 can be determined in order to allow for a Spitzeritype
resistivity [35]. Assuming the time derivative can be neglected to leading order,
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then by approximating C1 ~ -munovio, the equilibrium version of the momentum
equation. states
qnoEj = mvnV 1 . (5.17)
Equation (5.17) determines the equilibrium current for a given applied parallel
electric field via the plasma resistivity.
To determine the fluctuation equations, the fluid equations are linearized to
first order in the perturbed quantities. It is assumed a perturbed quantity, Q, has
the following form.
Q = Q(x) exp [i(kyy + k.z - wt)].
Linearizing the continuity equation gives the following equation for the perturbed
density in terms of the perturbed parallel velocity:
B1-o-k V )i + V (- 1b + Y ± Vg ) n0 = Co. (5.18)
Using the expression for CO, Eq. (5.7) gives
S= (we - kiivii)1  -iV - (Vib + VE1 + VLj. no + n -yno (5.19)
where WAnfl( = W + iWn'
The linearized momentum equation is given directly from Eq. (5.11) as
B3
-mn(w 
- V k1 )V + mn V + EI + V, B
= -ViiP 11 - V 1 - P + qnlEj,, + qnoEi, + 51
- mV110Co - mV Co. (5.20)
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Substituting in the equilibrium relations Eq. (5.14) and Eq. (5.17) into the above
equation gives
iB1
-imn,(w-kjVj)Vj + mn (Y71 + YEI + Vil VVl'
~B1
- - P - .i- + qn0E11 + mvVi * +Ci - mVs C0
- mV1- D -- n,. (5.21)
Assuming
-DP no < WT n
implies that the last term in Eq. (5.21) can be neglected. Using the expressions for
Ci and 0 o, Eqs. (5.7) and (5.8), along with the isothermal equation of state, P =
Tj, then gives the following expression for the perturbed momentum equation:
iT 1 T
"B) " in B
- iVi w + -iikkm - iV k (5.22)
T nklj m
where
WM' =W + i(W i + /) and bw, T W
The perturbed continuity and momentum equations, Eq. (5.19) and Eq. (5.22),
give a set of coupled equations for i and VI in terms of and All. These two
equations can be combined to yield an expression for a in terms of 4 and AH,
along with an equation for VI in terms of k and A1 l. Substituting Eq. (5.22) into
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the perturbed continuity equation gives the following expression for the perturbed
density:
[(WnO-kI Vj1 )(w., - k11 Vj11 ) T (k~ 2- iVlj~kI6wmfl)1i
Bj) T B1  q- reinTk Y Vj- .V + 1  h I n -E l + V W
" B - nm B m n T
- ino(mo - kgV ) 1 - YEj + V[1 Te . (5.23)
The perturbed current can be found using Eq. (5.19) and Eq. (5.22) along with
the definition J11 = q(n V111 + uiV ). This gives the expression
(Wm(-kjlVI)(w,, -k V_) - -k 2 k V1 ,bmn)] il-
B 1T B1  ~
=-inown, YEj_+Vl. 3 Vl" + 1 ' i n. - q~-El + Vll"W -B - m B m T
- [kji V1 (wmt - k1 Vi ) + (k - ikjl V1 6Wmn)1
x 1 V- + 1 B n - wn n, (5.24)
When combined with quasineutrality and Ampere's law, Eq. (5.23) and
Eq. (5.24) represent a closed system which can be analyzed to determine the dis-
persion relationship for the tearing mode including the effects of collisions and tur-
bulence. In the following analysis it will be assumed SWmn = 0 or, in other wdrds,
w = . This implies that the underlying kinetic turbulence diffuses particles
at the same rate in which it diffuses momentum. This is what is implied in the
kinetic theory of the preceding sections where the turbulence operator appear~ed as
-D((92/(9X2 )It. Hence, DT = DT = D and wT = WT = Wc.
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To make connection with the kinetic theory of the previous sections, V, will be
treated as a constant, as was VD and vb in the kinetic theory. (The perpendicular
gradient of Vj can be retained, however, and no significant difference occurs in
the final dispersion relation.) To rewrite Eqs. (5.23) and (5.24) in a more useful
form, VEi, B and E1 are rewritten in terms of and All and the substitution
J1 = qnoVii is made where appropriate. The expressions for the perturbed current.
and density become
[(m -kgiVI)(Wn, - k1l V11") - k 2
en 11
en, q T ~ w (+ew.) ~11 l"T
=ikj7 + j ) iknVT lem 11 kilc q W
+(um, - k jV ) LW. (11,A 11  + iwTA5 (5.25)qnc Lj
and
(Wmo - k1l V 1 )(w. - k1l V11 ) - Tk]2
k 1 -q
T e m k c q
+ [1k 1 2 + kjjVjf (Wmf - k lVl)
X -1* J1 Ln + -WT .(5.26)kl qnc L j kl
In the above equations, w, ckYT/(eBLn), dn0 /dx -n,/Ln and dJ /dx
-J 1 /Lj.
Equations (5.25) and (5.26) represent a coupled system for ' and A1 which,
when combined with quasineutrality and Ampere's law, can be anal-yzed toz.yield
a dispersion relation for the tearing mode. Equations (5.25) and (5.26) hold for
139
either electrons or ions, although when written for ions, finite Larmor radius effects
should be included. (The drift kinetic equation used assumed zero Larmor radius.)
The "regular" tearing mode is analyzed by using a single fluid of "bulk" electrons
with V, = vD, where VD/Ve ~ 10-2. The "runaway" tearing mode is analyzed
by using a two fluid model for the electrons containing a bulk electron fluid with
Vlj = 0, and a beam electron fluid with VI b = V and n, = nb, where Vb/Ve ~ 10
and nb/no ~ 10-3-
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5.2 Regular Tearing
To examine the "regular" tearing mode, Eqs. (5.25) and (5.26) for the perturbed
density and perturbed parallel current will be used in the equation for quasineu-
trality as well as in. Ampere's law. This gives a set of coupled equations for the
fluctuation potentials q and All. In the fluid model, the regular tearing mode exists
in a two fluid plasma composed of (1) an electron population drifting with an equi-
librium parallel velocity V, = VD, where VD/Ve ~ 102, and (2) an ion population
with no parallel equilibrium flow, V1/ = 0.
To find the perturbed electron density, Eq. (5.25), which is written for either
ions or electrons with an arbitrary equilibrium flow, is written for electrons with
Vil = vD. Using the fact that VD/Ve ~ 102 and assuming kl 1VD/w < 1, then to
leading order
[1 21 enf 1 2 2- W./,~
2 Te f2 ekl W
ik 1VDLWO + (Wmno - k1lvD)
x 'wje +i _ L + iWT]. (5.27)
ene Lj n
Rearranging the above terms gives
~e 




+(Lum" - klV)e )i -Al (w5.28)
enc L j
Recalling the variational calculation presented in Ch. 4, it is only necessary to
keep the leading order terms in and All, the rest can be neglected. Hence,
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ne, e ~ v'~k'(Lv/kic)(1 - -/L,)
., - e1 + k k.i (5.29)
no Te 4w n ve~k)
The remaining terms which have been neglected in Eq. (5.28) are smaller by either
Wee/Wc or by VD/Ve.
Neglecting collisions and letting w T = W = w,, then by defining x/xe
Veki 1/w. and x/x, = vekljwe, the second term in Eq. (5.29) can be written (using
Wm.Wn ~ -W, + 2iwwc)
V k I - -eIX 1 + 2ixe x. w )e) vej,2 e 1k1 W' c 2x\ xc x w/ c
IV 2 W2 1 X 2  + 2iXe"
e 1+ '1+2 2x2 xc
Recall from Sec. 4.1 that the diffusive resonance function, I,, is given approximately
by the following interpolation formula,
1 X + 2ix,
2C = ze1+(e)~- 2 x, Xe
W' (i+ z)- C 1 + 1 1 + 2x
2 x2
Hence, using the above approximation, the perturbed electron density becomes
n, T f - i(W - w -)I I . (5.31)
Thus, to leading order, the fluid theory reproduces the result of kinetic theory for
the perturbed electron density, as used in Ch. 4.
In a similar way, Eq. (5.26) can be used to determine the perturbed parallel
current for the electrons. Using J1, = -enovD, VD/Ve ~ 10-2, gives
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en~ I-I k 2
-iVDWnd j + (1V2 k + kIVDWm)
x e il,,L_ , + 'Wk;] } .
Rearranging the above terms gives
= wmOn 1 V 2 2- e k1)
en0  1~e I 2 k1( - we ) + Wm VDWseTe 2 e IW~~
As in the kinetic theory of Ch. 4, the following terms can be neglected (due to the





1 k 2 i~ 2oe)
- W e) + I WkW-e Jl e L q
2 e k j ene Li I
Using the approximation, Wm, Wn ~ - W + 2iwcw, then the following relations hold:
-I v2 k
wmown -2k 2
W,)m,Wn,, - 2ve 11
WM,,(An, - IVlk 2
2 kwe 1
1 V 2




(1 X1 + 2ix,2 x, \ X, )1+ 1" X2+ 2~2 (c XC
Ve i + ixe
+ X2 + 2ixe
2 x. c
w2x
W-e -!- I X + 2ix
w, 2 xe xc
+ 1 X 2 + 2+x
2 x
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where the interpolation functions were used for I(x) in the Krook limit. See
Eq. (4.15).11
If the definition rij = 2VDL,/veLj is used (J! -envD), then Eq. (5.33)
becomes
Jge je FVe
~ , - v, [(4 - w).I'2 + L-eriJ131 -ZA + (W - W-e)Ii (5.35)
-e T, C
which are the leading order terms derived in the previous kinetic theory.
To obtain the ion perturbations, Eqs. (5.25) and (5.26) are again used for the
case of fluid ions in which no equilibrium flows are present, V_ = 0. As in the
kinetic theory, the ions are assumed to be unaffected by turbulent diffusion. Hence
Wm = Wn, = W. Eq. (5.25) then gives
[2 _ 1v k e k (+ + wwe (5.36)W_2 V j=Tj 2 k k r (1 +r1
where r = Te/Ti.
The terms in the above equation can be rearranged to read
no
X [W(W+ 1 V20 (k )+] . (5.37)
Recall that this fluid theory is based on moments of the drift kinetic equa-
tion (DKE). The DKE is a good description for electrons, but this description
neglects key finite Larmor radius (FLR) effects [71] when used to study ions. To
correctly account for these FLR effects, recall that in the kinetic theory, the electro-
static potential i was expanded to second order yielding a second spatial derivative
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of in the calculation of the response. Also recall, that in order for such an ex-
pansion to be valid, it was required that x/xi < 1. To correctly account for this
FLR effect, the resonance operator, (W 2 1 k , appearing in the above fluid
equation must be expanded as follows:
( 1 ~1 1 [ oi± v2'2W 2 - 2v k 2 - -
2 eW2 W2
- - 1+ 4+ -
w2 2 x? dX2
Hence, to leading order, including the second derivative of due to FLR effects,
the ion density perturbation becomes
ni e ~u (See S.1 X2 d2
- ~ --- 2+ 2+4
n, Ti Ir U 2 xi dx2
- -1 + A l, (5.38)
which is the kinetic theory result. (See Sec. 2.2.)
Similarly, setting V1/1 = 0 and w, = 0 and expanding Eq. (5.26) for x/xi < 1
gives the following expression for the perturbed ion current:
enov 1 X + 
.}ke (5.39)e T, 2 xi TW \ kll c
The above expression is the leading order kinetic theory result for x/xi < 1.
To derive a set of closed, coupled equations for and A1, the above expressions
for a and JlI are used along with quasineutrality and Ampere's law. Quasineutrality,
ie = ni, becomes, using Eqs. (5.31) and (5.38)
- 2 ~] i V 0
dX2 + A + x2 d - P ( - W.,)II + XeX2 -I = 0 (5.40)
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where
1 2- x- 2A =- (- ), d = (r+ and x2d W2x?
Similarly, Ampere's law, V 2AXl + (47r/c) (.+7 =1 0, becomes, using
Eqs. (5.35) and (5.39)
T [ b+ 2 +V. AW2e)I 2 - +ar V, Z
____4-- 2__ -, 2 iWe,7J I Idc2 TV [x-rv TVA
- ( - W e)Ii + XeX2 =e 0 (5.41)dc
where vA = B 2 /47rmini, b = k2pf and a' = -(v?/2rvi)(r + We/W). In the
above the equations, x has been normalized in units of the ion gyro radius pi.
Equations (5.40) and (5.41) are equivalent to the leading order terms in Eqs. (4.11)
and (4.12).
As in the kinetic theory, Eqs. (5.40) and (5.41) form a coupled self-adjoint set.
Hence, a variational integral can be formed. This is done by multiplying Eq. (5.40)
by q and Eq. (5.41) by A9 and integrating over the plasma. This variational form
becomes
d2s = Sg + VSA (5.42)
where






dA V 2 V 2
SA = dx 1)+ b - -* ifw - w.,)I2 + i 1r'jIdx TV 2TVA
-a
-a
A A,1 i (5.44)
This variational form is identical to that obtained in Ch. 4 using kinetic theory. To
determine the dispersion relation, a procedure identical to that used previously can
be performed. A simpler heuristic procedure, however, will be presented in Sec. 5.4.
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5.3 Runaway Tearing
. Runaway tearing is composed of a three fluid plasma containing 1) bulk elec-
trons with no net flows V = 0, n = n,; 2) beam electrons which carry the current
= Vb, n = nb with yb/Ve ~ 10, nb/no ~ 10-3; and 3) bulk ions with no net flow
V1=1 0.
To analyze the bulk electrons, Eqs. (5.25) and (5.26) are used with V, = 0
and wm, = w, = w + iw,. The result is identical to that analyzed previously in
Eqs. (5.27)-(5.35), only now Vill= J1  = 0. Hence, for the bulk electrons
e (5.45)
no bulk Te CeJ
and
b ove ~-(W - W,,)I 2 VA' + (w (5.46)
e bulk Te C
To analyze the beam electrons, Eqs. (5.25) and (5.26) are analyzed for V =
Vb, yb/ve ~ 10 and for n = nb, nb/no _ 10-3. The equation for the perturbed beam
density becomes
[(Wm" - k 1fvb)(w, - klVb)]
no beam
enb 2 2 W W- e ~
x -V sk| - 1- A) -I) ikil NTTeno 2 ekc w
+(Wn, - klVb) Wwe 3+ A~ " + iLOT] . (5.7)
enbc L l
Since one is concerned with finding the overall electron perturbed density, a,=
Fie bulk+ae Ibeam, the terms proportional to nb in the above equation can be neglected
due to ab/no ~103. Hence,
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ne e JlL -
(5.48)
n 'beam noTe \ ec Lj (w,, - kjvb)
Using Eq. (5.26) the perturbed beam current is given by
e [(LOn - kIV)(Wmo - k vb)] -
-e beam
x - -wv vk - I- - Ail) - iVbW'
Tel [- 2 e 11 kj1c LO nI
+ [kl1 Vb(Wm, - knlV)] (+ _"e Ln . . (5.49)
Ikl +-,l enbC Lj kll
Similarly, since the end concern is with the total electron perturbed current, =l
Jjbulk + J,| beam, any terms in the above equation proportional to nb can be
neglected. Hence,
e_ 'Jg La o-~
e_ 
-l, L VbW-eAjj 1(5.50)
-e beam Te ec L (wn - kjlVb)
To find the total electron perturbations, the result for the bulk electrons and
beam electrons are summed. For the density perturbations, the beam contribu-
tion, Eq. (5.48), is smaller than the bulk contribution by VD/Ve, and hence can be
neglected [as could the remaining terms in Eq. (5.29)]. Hence, as before
enITe { - i(W - We)II;Aii}. (5.51)
no
The total electron perturbed current is given by
Ja ie v
nVe -(W - Woe)I2 A + (W e)Ii4p
e T e 1, (w
iw.e Vb Jll, L(5.52)
Wn, - klVb v, enoc Lj (
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Note that
Vb Jil L n .nb Lb -
Ve Wn, - kljVb enoc Lj n0 Li
where K 2 is the diffusive resonance function for the beam given by
VK2 - (w + iWb - kjjVb)
v~ 1 1 -ixx 6
v2 Wb1+X2 2
Here, w ~ (kVb) 2 D, xb = wb/ k'Vb, and J = -enbvb. Thus,
-e
Te nov , ( WTe I
W-e)I 2 AL we K2 Z1 + (W - -) (5.53)
c n, Lj c
which is the kinetic theory result derived in Ch. 4.
The ion response is identical to that for the regular tearing- mode, Eqs. (5.38)
and (5.39).
The coupled equations for 4 and A1 obtained through quasineutrality and
Ampere's law for the case of runaway tearing is the same as that for regular tearing
with the replacement
77JI3 - K2no Li
in Ampere's law. Hence, quasineutrality is given by
[d2
dx2
+ A + x2
-
[g(W - W.,e)I, + zx2 l ZV = 0 (5.54)
and Ampere's law is
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b + a + 2i(W - W-,)I2 
-e I-e- 'K2 ZdC2 dX2  TV TVA no Lj 2
(- w-)I, + XeX2 V, 0 (5.55)
Similarly, the variational principle for this system is given by
2
where




aJdx (dill) 2 
_ lL
2 b- ?W~ )12 + v2 n KLSA= dx + [b - iv. 2 W."I + - - K2 Zi
-adx, TVA TVI n, Li
-a
- ZuA (5.57)
An analysis of the above system was presented in Ch. 4 which yielded the dispersion
relation through a variational calculation. This calculation will not be repeated
here, but a simpler heuristic derivation of the dispersion relation will be presented in
the next section for the magnetic tearing mode (which neglects the Sk contribution).
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5.4 Simplified Fluid Theory
In this section, the above fluid model is reduced to a simplified fluid theory, re-
taining only the "bare basics" necessary to describe the fundamental tearing mode
physics. In particular, the electrostatic potential i is neglected and only the mag-
netic potential Ai is retained [13]. Since the fluctuations are described by a single
potential, Al, the dispersion relation is determined only through the use of Am-
pere's law. Hence, the aim is to calculate the perturbed parallel current via
the continuity and momentum equations. Also, to simplify the analysis, it will be
assumed that the ions form a stationary background and, hence, the perturbed par-
allel current is carried solely by the electrons. This amounts to neglecting the ion
inertial stabilization [10,14] discussed above. Hence, the fluid equations need only
be developed for electrons.
In the previous chapters, this mode is termed the magnetic tearing mode. The
magnetic tearing mode neglects the stabilizing effects of particle inertia, which is
valid approximation at low plasma beta (as can be seen from the dispersion relation
of the electromagnetic tearing mode). The point in exploring this simplified model
is that the mathematical analysis can be reduced to a bare minimum and the physics
can be illuminated much more clearly.
The fluid equations for this model are derived in a identical fashion as in the
full fluid model discussed above, only now the electrostatic potential is set to
zero. The starting point is the drift kinetic equation for electrons where the sole
perpendicular guiding center motion is described by VD, = V1/B,
+ vib - V + o Ellv f = C(f) (5.58)
where = AIiw/c and C(f) is the total collision operator discussed previously.
Performing the appropriate parallel velocity moments of the above equqation
yields the continuity equation
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-+ V Vb + V11h- n = Co (5,59)
and the momentum equation
a B
mn -+ (Vjjb + V11B
= -enE - V11P, - V11 - P C1 - mV1CO, (5.60)
where the moments of the collision operator, Co and C1, were discussed in Sec. 5.1.
Linearizing the above equations to first order in the fluctuations yields the
following equations describing the perturbed density ; and the perturbed fluid
velocity iV1:
-i - k1 V1 ) a + V. (Ij b + V1, B no = 0 (5.61)
and
-imno(wm, - k 1V1o)Vj1 = -enoEj - iklIP1 - - VIPio. (5.62)
where un,, = w + i , = W + iW with w = W = wC. In deriving the
above expressions, the turbulent collision operators acting on the fluctuations were
replaced by the effective dissipation frequency, we, as is discussed in the previous
sections. Also, for simplicity, the effects of Coulomb collisions are neglected, and
it is assumed that the effective dissipation frequencies for density and momentum
diffusion are equal, wT = WT = w. (The notation Wn, and wi,, is retained, however,
so that comparison to the purely collisional "resistive" limit can be obtained easily.
In the resistive limit, Wm,, = w + iv whereas wL,, = W.)
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Equation (5.61) is the typical form of a perturbed continuity equation for a
fluid with equilibrium flow Vj and perturbed flows V and V1 = VgjBi /B. Notice,
however, that the perturbed density is being lost at the rate w, due to turbulent
diffusion. Equation (5.62) is the perturbed parallel momentum equation for a fluid
with equilibrium flow V110 and a perturbed parallel equilibrium field F1Z. The last
two pressure terms on the right side of Eq. (5.62) represent the parallel component
of the divergence of the perturbed pressure tensor. Notice that in this fluid theory
b - [V - (P1bb + Pjlo 0 1 b + Piobb 1 )
= b - [V - Plb) b + (V - Plliofi) b + (V - Pllob) I>L
= V IP1 + b 1 - VIPI,.
where b 1 = f 1 /B. As with Eq. (5.61), the perturbed parallel momentum is being
lost at rate w by turbulent diffusion.
Equations (5.61) and (5.62) can be combined to give expressions for a and J.1
solely in terms of AI. The perturbed density is given by
(Wm) - kl1Vlo) (a., - k 1 Vil ) - -k 2i
= j IVg ) B 1 n - k '- - T . Vin. (5.63)
I" B , -B m m B
The perturbed current, TJl = q(iiVj1 + noVjj), is given by
(Wmio - kl1V1/o) (an,, - kI - kZ
="" ik, k - ikll - -.
k l M m B
BT T
- B kl V - k. (5.64)
k -Vl B I L - k1 11 )- '
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Rewriting the above equation in terms of .41 gives
T J
(Wino - k11Vilo) (Wn - kIVi) - -kil I_
en, Tn, 
~en~ Tw~ (w - we)A1
T me
+ (-k2 + k1V (win,, k111V7) W " J1 ZL . (5.65)/ kil enc Lj 11
Eq. (5.65) describes the perturbed parallel current A as a function of A1 l. The
above expression includes the effects of turbulent electron diffusion and allows for an
equilibrium fluid flow V11. A closed system for Al is found by combining Eq. (5.65)
with the linearized Ampere's law. From this a dispersion relation is determined. In
Sec. 5.4.1 the perturbed form of Ampere's law is presented in an inner and outer
region for the regular tearing mode. This is repeated in Sec. 5.4.2 for the runaway
tearing mode. The dispersion relations for these modes are calculated in Sec. 5.4.3.
5.4.1 Regular Tearing
In the "regular" tearing limit, the equilibrium current is carried by the majority
of the electron population, as in the case of a drifted Maxwellian distribution. In
the fluid picture, the regular tearing mode is described by a single fluid of electrons,
with a fluid velocity V = VD < v, and with the equilibrium current given by
J, = -even 0 . Using the scaling vD < v,, then Eq. (5.65) for the perturbed
current becomes
- k Tw - e + kTe (5.66)
M -e T me -m enc L j-
To determine the dispersion relation, Eq. (5.66) is used in Ampere's law. The
resulting equation is then equivalent of the expression L2A1 = 0, where the operator
L 2 is discussed in Sec. 2.3. In Sec. 3.4, the dispersion relation was then determined
155
variationally according to the relation S,4 = 0, where SA is the variational form for
the magnetic tearing mode.
To avoid doing such a detailed variational calculation, a simpler less rigorous
derivation of the dispersion relation is given here. This is the matching procedure,
also discussed earlier in Sec. 3.3. In this approximation, the plasma is divided into
two regions, jxj < x, and jxI > x,. The perturbed parallel current is approximated
in these two regions and an inner and outer solution for Al is then calculated via
Ampere's law. The dispersion relation is then determined by requiring the inner and
outer solution, as well as their first derivative, to match at the boundary, Ixi = x,
where x, = Wc/kIve.
Assuming lx/xcl < 1 in the inner region and Ix/xcl > 1 in the outer region,
then Eq. (5.66) gives the following expressions for :
fX0 < Xc, .71 ~ WM (5.67)
mc Wm
1XI > ~ e 2 Wse Jll, Ln ~




Using Ampere's law, V 2A 11 + (47r/c).J1 = 0, then gives the following approximate
equations for Al in the inner and outer regions:
d 2 V,2 iW _W,
xI < xc, + . All = 0 (5.69a)dX2 TVA 2(we - zw)]
d 2 47r k YJ11|x > X, -b- 2 A.=0 (5.69b)
dx 2 C ' kylBo
In the above equations, b = k2 and x has been normalized in units of the ion
gyroradius pi. These equations will be returned to later in Sec. 5.4.3 where the
dispersion relation is determined.
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5.4.2 Runaway Tearing
In the "runaway" tearing limit, the equilibrium current is carried by an electron
beam superimposed on Maxwellian bulk electron distribution. The bulk electrons
are characterized by a thermal speed v, and a fluid density and velocity given by
n = n, and V = 0. The beam electrons are characterized by n = nb and V1/ = vb
where nb/n - 10-' and Vb/ve - 10. The total current is to be held constant when
comparing the runaway to the regular tearing mode, J1 = -enovD = -enbVb.
To analyze the runaway tearing mode from the fluid point of view, the plasma is
considered to be composed of two fluids: 1) bulk electrons and 2) beam electrons.
The perturbed parallel current due to the bulk electrons is given by Eq. (5.65)
when Vl,, = 0,
T 2 onI
~Wmcn - -k " (w - oe)Aj. (5.70)
-e blkm nomc
Similarly, the perturbed parallel current due to the beam electrons is given by
Eq. (5.65) when Vs = Vb and using vb/vj > 1,
J er e kuvb w-e J,, Ln ~
-e beam T Lo - kvb k|| ec LA
The total perturbed current is given by adding the contribution from the bulk
and beam electrons. In the inner region where zxj < xc, Xb (where Xb = Wb/k Ivb,
and Wn.= w + iwb for the beam electrons) the perturbed parallel current is given
by
~ -e2 ie2 W.e V2L,
Ix. < e, J1  Anb -Almc Wm" Tc b L
-ie 2n ( - W e) 2w,e v2 nb L
~.b n (5.72)
mc (e-Z"W) Wb V2 n, Lj
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In the above expression, the first term on the right is due to the bulk electrons
and is the same as the response in the inner region for the regular.tearing mode.
The second term on the right is due to the beam electrons and represents a shift
in the real frequency of the mode away from w-e. In this term, the approximation
Wn, = w + Iwb ~ iw-, was used, thus neglecting a correction of order w/wb ~
(w/wc)(ve/vb)2/3 where only corrections of order w/ow ~ Xe/xc are retained in this
calculation.
In the outer region, lxI > x,, only the contribution from the beam electron is
significant (the bulk electrons carry no equilibrium current). Hence, in the outer
region
xj > xe, Yj ~ Lo J, ll
= - B A . (5.73)
In the outer region, the perturbed current for the runaway case is the same as with
the regular tearing case.
Using Ampere's law as well as the above two expressions, equations can be
determined which described 1 in the inner and outer regions.
< d+ iv, (w - we) 2we Xc Vb nb Ln
|2V 2 <__ - _ W_, A+l= 0 (5.74)dx2 2Tv (we - iw) w X x ve no Li
d2 47r 2 kyJ ]|Xl> X, -b-- p. B j =1  0 (5.75)dX2 C' kylBo
Again, in the outer region, jxl > xe, the response is the same in both the runaway
and regular tearing mode. As will be discussed below, the response in the outer
region is simply the ideal MHD response. In the next section, these equations are
used to determined the dispersion relation.
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5.4.3 Dispersion Relation
The dispersion relation is determined using the following simplified procedure
{131. The approximate form of il is solved for in-an inner region, xI < x,, in the
limit jxj < e, and in an outer region |xI > x, in the limit xj > x,. The inner and
outer solution, as well as their first derivatives, are required to be continuous at
xj= x,. This simple matching procedure at the boundary at ±x, then determines
the dispersion relation. Although this procedure is very approximate, it is at the
same time mathematically simple, and it reproduces the basic dispersion relation
for the magnetic tearing mode (in agreement with the variational calculation of the
earlier section).
In the outer region |xj > x, for either the regular or runaway tearing mode,
Al satisfies the ideal MHD equation for marginal stability, Eq. (5.75). The solution
to this equation is quite complicated, particularly for realistic geometries and equi-
librium current profiles. However, the solution to Eq. (5.75) will be assumed to be
known through computation techniques, and will designated A MHD. Actually, it
is not the magnitude of fMHD itself which will be assumed known, but rather the
ratio of the first derivative of AfID to the magnitude. The following shorthand
notation will be used.
A for x > xc
A|| MHD
and
A for x < -xe (5.76)
All MHD
In practice, A+ and A- can be determined from integrating Eq. (5.75) numerically
from the edge of the plasma inward to within a specified distance of the rational
surface.
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In the inner region, All satisfies the following equation:
X<Xe, 2+ .2rv) - =w 0 (5.77)dX2 
-2rv (WC - I L) We
where
(Xc Vb nb Lawb 2w~e Xc ,bnb runaway case
bWb xb ve no Li
0, regular case
The solution to this equation is given by
A1 i = c+e"' + ce~", forjxj <, x (5.78)
where c+ and c- are constants of integration and
2 _ Ve2 (o- LueJ) bWb
2rvA \(wIJC- Zw) We!
The inner solution along with its first derivative can be matched at ±xe to the
outer MHD solution. Matching at x = +x, yields
a (c+e+x- - c-e~-")
c+eaze + c-e-a,
Matching at x = -x, gives
A-(-Xc) - c (5.80)
c+e-r + c~eoze
Equations (5.79) and (5.80) can be solved to give two equations for the ratio
c+/c-. Setting these two equations for c+/c- equal to one another yields-the
following dispersion relation:
A+ + a 2az, - + a (5.81)
A+-ae - - e (.1
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The above expression can be rearranged to read
1+ ) - 1+ -
a a a
a±) 4&x,. (5.82)
Numerical calculations using typical Alcator C profiles indicate A± ~ 10-2. As-
suming the scaling xca 2 _ A 2 and assuming that zea - E, then Eq. (5.82)
can be expanded to yield
z'(xc) = A+(x,) - A-(-x,) ~ 2x~c 2 . (5.83)
Using the definition of a 2 gives the following dispersion relation:
(5.84)
where the expansion (w, - i)- w-1 (1 + iwe/wc) has been used.
Setting the imaginary part of Eq. (5.84) equal to zero gives the real frequency
of the mode,
Setting the real part of Eq. (5.84) equal to zero gives the growth rate of the mode,
-e ) 1 n/2 LA I, W*e 5Wb
-- e ~ i I- i -T (IX ) - ,-W~e /3i rm 1 /Le We W~e
where 6 Wb = 0 for the regular tearing mode and is given by
for the runaway case.
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Wreal = W-e(1 + 5WbW/We). (5.85)
(5.86)
bWb Xc Vb nb Ln
W_ = 2- n,
X- b Ve f 0 L j
(5.87)
A'(Xc) = V' - X, 1 W -- (1 + i*e + .b
TV A . W~e LOC W-e
Numerical calculations for Alcator C parameters indicates A'(x) to be a mono-
tonically decreasing function of x passing through zero at x - W. A convenient
form is to approximate &(x) as a linear function of x:
(X) ~ Ao 1 - . (5.88)
Physically, W represents the width at which a magnetic island saturates nonlinearly
and, consequently, the width outside of which no free magnetic energy remains to
drive the mode.
The physical interpretation of the dispersion relation given by Eq. (5.84) along
with a discussion of the resulting growth rate is given in the following section.
5.4.4 Physical Interpretation
Before discussing the physical interpretation of the dispersion relation itself,
it is useful to examine the nature of the perturbed parallel currents in the inner
and outer regions. In the outer region, J11 was the same for both the runaway and
regular tearing modes. It is easy to show that this is the ideal MHD response at
marginal stability. Specifically, Eq. (5.73) can be derived in the following way. In
general, the divergence of the perturbed current must be zero, as is implied by
V x B = (4ir/c)j in MHD or by quasineutrality in kinetic theory. Hence,
V - (j, + J1) =0 .(5.89)
To find J_ in ideal MHD, the perturbed form of the momentum equation is
used,
iyp' = J x Bo +Jo x -VP (.9)
The left hand side of the above equation is zero at marginal stability, and the pres-
sure gradient can be eliminated by taking the curl of Eq. (5.90). The z-comp&nent
of the curl of Eq. (5.90) can be written as
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0 - (B - V)YJ1 + (h - V)Jl
or
~ky Jj
J= - k 10  (5.91)k lBo
which is identical to Eq. (5.73) for the perturbed parallel current in the outer region.
By comparing Eq. (5.91) and Eq. (5.89), then it is clear that the perturbed
perpendicular current in ideal MHD is given by
= B. (5.92)
Bo
Equation (5.92) makes sense with the intuitive picture of ideal MHD which states
that the plasma and field lines move together. Equation (5.92) states that the
perturbed current in ideal MHD which results from the presence of a perturbed
magnetic field is simply due to the equilibrium current flowing along the total
magnetic field, BO + B 1 .
At small x, the perturbed parallel current has two significant components. The
first results from the bulk electrons and the second results from the runaway beam
electrons. In general, the perturbed parallel current can be written as
= q(no0 V + RVH ). (5.93)
For the bulk electrons where n = no and V V = D ~ 10-2Ve (V1 = 0 for the
runaway case), the first term of the right dominates (by Ve/VD). For the beam
electrons when n = nb ~ 10-'no and V1 = Vb - 10ve, the second term on thejight





Note that in the inner region, the effects of the fluid drift of the bulk electrons (the
equilibrium current) is neglectable for the regular tearing mode.
To calculate J in the inner region from the bulk electrons for either the regular
or runaway case, the perturbed fluid velocity need only be calculated. For the small
x limit (kj1 -+ 0), the perturbed parallel momentum equation, Eq. (5.61), reduces
to the following in the inner region:
B1
-imnowm V1  qn.E11  B
- -inw- (1 - ZJ, (5.95)
C U)
where wm = ( + ZWc.
The first term on the left (proportional to w) of Eq. (5.95) represents the change
in parallel momentum due to the fluid element oscillating at the real frequency
of the mode (an "inertial" term). The second term on the left (proportional to
wC) represents the loss of parallel momentum due to turbulent radial transport (a
"dissipative" term). The first term on the right represents the force on the fluid
element due to the presence of a perturbed parallel electric field. The second term
on the right represents the force on the fluid element due to the gradient ot the
perpendicularly convected equilibrium parallel pressure.
Combining Eq. (5.94a) and Eq. (5.95) then give an expression for A dsie to
the bulk electrons in the inner region, IxI < x,:
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Je ~-----1 1- Ag
bulk ce m_
.2
~ n, -- W- - 1 + -- AW (5.96)
.CM, LOc WcW
The imaginary term (or "dissipative" term) in the above expression is a result
of balancing the dissipative loss of momentum due to turbulent diffusion against
the driving forces due to the electric field and pressure gradient in the momentum
equation, Eq. (5.95). The factor (o -w.e) arises from the Doppler shift of El'as seen
by the electron fluid. The real term (or "reactive" term) in the above expression
is a correction term (of order w./we) which arises since the electron fluid has finite
inertia and oscillates at the real frequency of the mode, w - w. This reactive term
results from the inclusion of the inertial term on the left hand side of Eq. (5.95).
To calculate 11 in the inner region from the runaway beam electrons, the
perturbed density need only be calculated, as stated in Eq. (5.94b). For the small x
limit (kl1 -- 0), the perturbed density equation, Eq. (5.62), reduces to the following
in the inner region:
- ii + V -V1 n = 0, (5.97)
where Wn, w + iwb, and wb = (k' tVb) 2D/3 is the effective dissipative frequency
for turbulent diffusion of the beam. Since W/Wb - (w/w,)(v,/vb) 2 /3, the term
proportional to real frequency, w, can be neglected in the above equation (only
corrections of order wo/w, are retained). Eq. (5.97) becomes
BB
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The above equation represents a balance between the dissipative loss of density due
to turbulent diffusion with the loss of density due to the parallel flow of density
along the total field line, BO + B1
Combining Eq. (5.98) with Eq. (5.94b) gives in the inner region from the
beam electrons:
beam Wb B
2 2ie2 no we Vb nb L, ~
= )2 Ail
mec Wb V2 n, Li
ie2 n, NWb
mec -A 1  (5.99)Mec We
where
Xc Vb nb Ln
Xb Ve no Lj
The above expression of the beam contribution to the perturbed current is
imaginary, and, hence, dissipative. This term arises from balancing the fluid loss
per unit volume due to turbulent diffusive dissipation with that loss due to fluid
flow along the total magnetic field lines.
In order to give a physical interpretation of the dispersion relation, Eq. (5.84),
it is helpful to consider an alternate heuristic derivation of the dispersion relation
based on an energy integral formed from Ampere's law. To form this integral, S,
Ampere's law is multiplied by A* and then integrated over the plasma:
d. jj ~ 47r ~S=Jdx +b|Al2 - -- A iJl (5.1OO)dx C
where an integration of parts has been performed on the second derivative term
and where ±a represents the edge of the plasma. It is assumed that All and iti first
derivative vanish at the plasma edge.
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The first two terms in the integral S represent the energy required to bend the
equilibrium magnetic field lines. Notice that
~2
IjL2 = 2 + I 2 = k | 1 2 + dA 1dx
which is the usual expression for line bending energy in the ideal MHD energy
principle. The last term in the integral S represents the energy contained in the
interaction of the perturbed parallel electric field and current. Recall that the power
dissipated by the interaction of Ell and J scales as
P ~ E-
C
Thus, A IJH/c has the units of energy and represents the time integrated power.
To find the dispersion relation, the integral S is broken into two parts, one for
the outer region, IxI > xe, and one for the inner region, IxI < x,. The appropriate
approximate expressions for J1 are then substituted into the integrals in the inner
and outer regions. This gives
S = Sut + Sin,
where
Sout dx {(Xi)+ bj2 + --r 2 kyi " A5.101)dx 
-P k- Bo
and
Si= dx XdII iv 2  (W -Wwe) W g _102)I ( dx 2rv( (we - W) W
1I<xc
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where the absolute value signs have been dropped for convenience. Equations
(5.101) and (5.102) are simply the integrals resulting from multiplying by A1 l the
approximate versions of Ampere's law in the inner and outer regions, Equations
(5.74) and (5.75).
To evaluate S0,t, Al in this outer region is required to satisfy the ideal MHD
version of Ampere's law, Eq. (5.75), and, hence, A'* = AMHD. Integrating by
parts then gives
a~ -a, ASout = A114A1 + A114 AA = -A1 AXC A- ,
= -A 2 () I(). (.5.103)
Here, it is assumed 4 11(xe) = 11(-xe) Al.. Hence, A'(xc) is interpreted as the
energy drive for the tearing mode resulting from the interaction of E|| and All in
the outer, ideal MHD region.
In the inner region, the "constant 0" approximation of resistive MHD is used,
which assumes A1 to be a constant in the inner, "non-ideal" region. Thus, letting
A1 = Al,, gives
S = -A 2 ((w - W.) _ 6 .w6 (5.104)
"'Tv A zww~-iw) wc
Again, this term is interpreted as the energy in the inner region resulting from the
interaction of i and J.
The actual dispersion relation is determined by setting S SOt + Sin 0.
This gives the dispersion relation previously stated by Eq. (5.84):
1/2 L W W*e (5.105)A' (X,) 
_e i --M Oi - [(1 - - ) 1 + i1- + (5.105)
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where A'(x,) ~ A0 (1 - x'/W).
As mentioned previously, A'(xc) is the ideal MHD energy drive for the tearing
mode in the outer region. (Since Sut < 0, it is a "negative energy" mode.) The
source of this energy is the third term in Eq. (5.101) involving the equilibrium
current gradient JI. In the limit of a infinitesimally narrow tearing dissipative
region A'(x) -+ Ao, which is the energy drive in the resistive MHD limit. Notice
that the ideal perturbed current (the energy drive term) goes as J[ /kI 1 - 1/x and,
hence, becomes very large as x -+ 0 and dominates the energy integral S,Lt. If
the effects of turbulent diffusion are included, however, the dissipative region then
takes an a significant width. With turbulent diffusion, the perturbed current no
longer acts as a source of free- energy within x, of the rational surface but, rather,
becomes dissipative in nature. Hence, the ideal MHD energy drive is reduced from
AO to Ao(1 - xc/W). In nonlinear calculations of the resistive tearing mode, it is
shown that the magnetic islands produce by magnetic tearing saturate at a width
W. Here, A'(x = W) = 0 and, hence, there no longer exists free magnetic energy
in the outer region (IxI > W), this free energy being necessary to drive the tearing
mode. Hence if x, > W, then A' < 0 and there is insuffrient free energy outside
the dissipation region (jxj > x,), and the mode is stabilized.
The first term on the right of Eq. (5.105), proportional to (w -we), is imaginary
and, thus, dissipative. This represents the energy dissipated in the inner region due
to the interaction of Egj and J. This dissipation is an irreversible transfer of
energy from the tearing mode field Al to the bulk electron population in the inner
region. (In contrast, A' represents a relaxation of the outer magnetic field topology
to a lower energy state due to the presence of Al.) The second term on the right of
Eq. (5.105), proportional to W, /we, is real and, hence, reactive. This term represents
the energy necessary to sustain the particle (electron in this model) oscillation since
the mode has a real frequency and, hence, this is an inertial term. The third term on
the right of Eq. (5.105), proportional to bWb/W,/ , is again imaginary and dissipative.
This term represents the energy withdrawn from the wave field and dissipate4 into
random energy of the beam electrons in the inner region.
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It is perhaps useful to rewrite the dispersion relation in the following way:
I (W - W~e -
_Ob) (w - 1oe) WseA0 (1 - -/= - -)) . (5.106)
W rme L, W-e U- e Wc
In this form, it is clear that the dissipation on the right of the above equation is
proportional to (w -O-e -bb). In general, if the dissipation is calculated in a frame
at rest with the electron fluid, the dissipation is proportional to the frequency of the
mode, w. Hence, the frequency shifts in the factor multiplying the dissipation in the
above expression can be viewed as Doppler frequency shifts due to the electron fluid
moving relative to the laboratory. The first frequency shift, Wo, is due to the bulk
electron fluid undergoing a perpendicular motion at the diamagnetic drift speed, ve,
where w-, = kyv e. This frequency shift arises from the second term on the right of
the momentum equation for the bulk electrons in the inner region, Eq. (5.95). This
term describes the force arising from the gradient of the perpendicularly convected
equilibrium pressure due to the presence of B1 . The second frequency shift, bwb,
is due to the beam electron fluid undergoing a perpendicular motion at the beam
drift speed, 6v, where bwb = kybvb. This term arises from the second term in the
beam continuity equation, Eq. (5.97). This term describes the beam density loss
due to the beam fluid streaming at vb along the total field lines, BO + B 1 .
In summary, the real frequency and growth rate of the tearing mode are given
by the following relations:
Wreal W*e (1 + (5.107)
and
-- 2 ~ A' --- -- ' ) - W eb (5.108)
W*e fh\rm 1 ,Le We W-e
where
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and where 6 b = 0 for the case of the regular tearing mode.
The real frequency has two contributions. The first is due to the bulk electron
fluid, w-e, and the second is due to the beam electron fluid, 6 Wb. Both frequencies
can be viewed as Doppler shifts arising from the electron fluid undergoing perpen-
dicular oscillations in the presence of the tearing mode magnetic field perturbation.
The growth rate has two significant contributions. The first is proportional
to A'(Xe) which represents the free magnetic energy available to drive the tearing
mode, the origin of which lies in the region outside the dissipative layer. The
expression A'(x,) for the energy drive contains the stabilizing term due to the
effect of turbulent electron diffusion prohibiting the formation of the ideal MHD
perturbed current within x, of the rational surface, A'(xc) = Ao(1 - xc/W). The
second term in the expression for the growth rate represents a stabilization due to
the finite inertia.of the bulk electron fluid. Since the bulk electrons are oscillating
at w,, + bWb, which is slightly higher than their "natural" oscillation frequency, we,
additional energy is required to maintain this increase in the oscillatory motion.
The shift in frequency w.e + bwb is due to the presence of the beam electron fluid.
Without the beam electrons, o = w-e, and no additional energy is required. The





This chapter presents numerical solutions of the eigenmodes and eigenfrequency
for the tearing mode. The equations governing the evolution of perturbed parti-
cle densities, fe and fi, are solved numerically; and through the aid of Ampere's
law and quasineutrality the eigenmodes, and Al, along with the eigenfrequency,
w, are calculated. Two numerical codes are employed in this calculation of the
eigenfrequency for two different limits. The first method, which is the more exact
method, involves the use of an initial value code, TEDIT 121,22], previously used in
the study of the finite beta drift wave [19]. Specifically, TEDIT solves for the elec-
tron response utilizing the full diffusion operator, D02 /Dx2 . The second method
involves a shooting code, inherently simpler than the initial value code, which solves
for the electron response in the Krook approximation: Both codes give qualitatively
similar results [14,19] and support the above analytical expression for the dispersion
relation arrived at through the variational calculation.
The initial value code, TEDIT, follows the time evolution of all the perturbed
quantities. One begins with arbitrary perturbed potentials, q and Al, and distribu-
tion functions, fe and fi. Regardless of the initial functions, if a growing (unstable)
eigenmode exists, it will eventually dominate the long time solution. By defini-
tion, an eigenmode exists when all quantities , A1, f, and fi vary as exp(-iwt),
where the eigenfrequency w is constant for all x. The main virtue of this initial
value approach is that it allows for the electron response to be evolved with the
inclusion of a spatial diffusion operator according to Eq. (2.20) of Sec. 2.1. The ion
response evolves according to the linearized Vlasov equation. The time-evoltion
code TEDIT uses an implicit-iterative scheme to advance the electron and ion ki-
netic equations in time, with and Al being calculated from the quasineutrality
condition and Ampere's Law. The equations for the electron and ion responses are
advanced in time until
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LO(X, t) = ~ l(X (6.1)
-Al(X,t) at
becomes independent of both x and t, indicating that an eigenmode of frequency
w has been established. For a given set of parameters, TEDIT yields the most
unstable eigenmode.
In the Krook approximation, a shooting code is employed to solve for the eigen-
frequency in the case where the electron response evolves according to Eq. (2.20)
with -Da 2/8X2 replaced with a Krook type diffusion frequency, w,. As discussed
above in Sec. 2.4, this is analytically shown to be valid when xc/xT < 1, and when
Al is approximately a constant (an even function) near the rational surface. Un-
der this approximation, a shooting code can be used to directly solve the coupled
equations for t and Al, given by Eqs. (2.30) in Sec. 2.3. In this case, the resonance
operators appearing in L 1, L 2 and L, can be written in terms of the plasma dis-
persion function as discussed in Sec. 2.4. The above coupled equations can then
be solved using standard shooting methods which is inherently simpler numerically
than the initial value method used in the time-evolving code TEDIT.
In either case, the above numerical codes are used to calculate the eigenfunc-
tions, q and Al, in an intermediate slab region extending approximately thirty ion
gyroradii on either side of the rational surface at x = 0. At the edges of this slab
region, q and Al are required to match onto the ideal MHD solutions which obey
the marginal stability equation, Eq. (3.18), along with E1 = 0. Specifically, the
ratios (A'/IAII)MHD are calculated at each edge of the slab region and their values
are chosen such that, to leading order
A', (a) All (-a) a
A' (a) =_ - - AO 1 - -). 6.2)
A11 (O) MHD A11(O) MHD
Here, ±a indicates the edges of the intermediate slab region. Hence, the boundary
conditions are specified by inputting values of Ao and W. Figure 6.1 shows a typical



































The results from TEDIT and the shooting code agree extremely well, as pre-
viously observed for the case of the finite beta drift wave. Figure 6.2 depicts the
growth rate as a function of the diffusion coeffiien t as obtained from the two codes.
Since both codes are observed to give the same qualitative results, the shooting code
is used to generate the numerical data discussed below due to its faster computa-
tional speed compared to that of TEDIT.
A plot of Ao = A'(x = 0) as a function of x, at marginal stability (y 0) is
shown in Fig. 6.3 for various values of W. These results agree qualitatively with the
analytical formula obtained from the variational calculation which specifies marginal
stability to occur when Eq. (3.51) is satisfied with an equality sign. Solving the
above equation for AO gives
Ao = 2i 1 1 .- (6.3)
(L,, V2 V2-W
The plot in Fig. 6.3 of AO versus x, shows the qualitative behavior indicated in
Eq. (6.3). In particular, note that the slope of the curve increases as the parameter
W is decreased. Also notice that the value of AO at which x, = 0 is independent of
W.
Figure 6.4 plots a similar graph of AO as a function of z at marginal stability
for several values of 3j. Figure 6.5 shows the same curve of AO versus x, for different
values of L,/La. Both figures are in qualitative agreement with Eq. (6.3); that is,
an increase in either /i or L,/Ln leads to a simple vertical displacement of the AO
versus x, curve.
The variational calculation performed in Sec. 4.4 gave the result of Eq. (3.50).
As is often the case in a variational calculation, one expects the functional d&pen-
dence of the result with respect to the various parameters involved to be similar to
that of the exact solution. The numerical coefficien ts appearing in the variational
solution, however, are only approximations to those of the exact solution whose















































If) 41 nt N .q-








11 - , I , 
-
W=10p I I /
I I I
10 20p I /
9 30p9 ---
0 40p,/










The amount of diffusion (xe) necessary to obtain marginal stability (h = 0) vs. given
values of free energy (-A'(0)) for several values of W, where A'(W) = 0. The dashed
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Figure 6.4
The amount of diffusion (xe) necessary to obtain marginal stability (y = 0) vs.-given
values of free energy (A'(0)) for several values of the plasma ion beta, Oi. The dashed
curves are plots of the analytical results indicated by Eq. (6.3).
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The amount of diffusion (xe) necessary to obtain marginal stability (y = 0) vs. given
values of the free energy (A'(0)) for several values of the magnetic shear, L,/L,.























eigenfunction. In order to reflect this uncertainty in the numerical coeffients of
the variational solution, Eq. (3.50), two adjustment parameters, a, and a 2 , are
introduced into the above expression for the growth rate as follows:
-Y ~ = ' (alXc) - a2 ./ (6.4)
where A'(x) = Ao(1 - x/W). Here, a, reflects the uncertainty in the variational
determination of the magnitude of the value of the parameter a (the edge of slab
region about the rational surface) as performed in the calculation of the magnetic
terms, LA, appearing in Sec. 4.4. Likewise, a 2 reflects the uncertainty in the overall
magnitude of the contribution of the electrostatic terms, Lp, to the variational
integral due to such approximations as extending the limits of integration to infinity
(see Sec. 4.4). By comparing Eq. (6.4) to the numerical data displayed in Figs. 6.3-
6.5, one can fit this numerical data [14] to a high degree of accuracy by choosing
the values of a, and a 2 to be
a, ~ 4.5 a 2 ~ 4/3. (6.5)
Results indicate that a 1 is a weakly dependent function of the ratio x,/W (ai
decreases as x,/W increases). This reflects the fact that the function A'(x) is not
strictly a decreasing linear function of x, as approximated analytically (&'(x) =
Ao(1 - x/W)); rather, '(x) is a function whose slope increases (becomes less
negative) as x increases.
Numerical results for the runaway tearing mode are not as extensive as those
presented above for the regular tearing mode. The runaway tearing mode was stud-
ied using the shooting code with a monoenergetic beam on the tail of Maxwellian
for the equilibrium electron distribution, as discussed in Ch. 4. Typical plots for











- - - - - - -
)
.o .













































As discussed in Ch 4, the runaway electrons produce a frequency shift above




(For the regular tearing mode, 6w - 0.) Figure 6.8 is a plot of the frequency shift
Sw for both the runaway and regular tearing mode as a function of Vb/Ve. The total
current was held equal when comparing the regular and runaway modes at the
value Jjo = -enbVb. Figure 6.8 shows that 6w for the runaway mode is significantly
greater than 6w for the regular mode, which agrees with the basic analytic theory.
Also notice from Fig. 6.8 that the slope of 6w/w.e vs. vl/Ve is linearly increasing,
which agrees with Eq. (6.6).
The growth rate for the runaway mode is given approximately by
Y 1/2 r4L, m )
7re X 2mi 3 iL, 2W
(2i  L) 1/ 2  2mi 1/2 r , bW (6.7)
V3 7- '/EL, (TM, 2Ln we
as discussed in Ch. 4. The third term on the right of the above equation is the result
of including the beam electrons and this term is absent for the regular tearing mode.
Figure 6.9 shows a plot of the growth rate as a function of L,/L, for the regular and
runaway tearing modes. These results indicate the runaway mode is more stable
than the regular mode. Figure 6.9 also indicates that the runaway tearing mode
is stabilized more rapidly for increasing L,/L, than is the regular tearing m.ode,
which is in qualitative agreement with Eq. (6.7).
In summary, the numerical results for the regular tearing obtained from the
shooting code agree remarkably well with the analytical expression for the gwwth
rate, Eq. (6.4), where the parameters a, and a 2 are given by Eq. (6.5). Numerical
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results for the runaway tearing are less extensive, but qualitatively support the
analytical f6rmulae given by Eqs. (6.6) and (6.7). In particular, the frequency shift
for the runaway mode is significantly larger than that for the regular mode, and the









The real frequency shift, Sw = w - we, vs. the beam electron speed, vb, for the
regular and runaway tearing modes. The equilibrium current is determined by










The growth rate -y as a function of magnetic shear L,/L, for the regular and




A set of coupled, self-adjoint equations were derived for the potentials and
Al describing low-beta, low-frequency fluctuations in a tokamak-type plasma with a
sheared, slab geometry. This set of equations is globally valid over the entire plasma,
includes the effects of turbulent electron diffusion, and allows the use of various
current-carrying equilibrium electron distributions. This system describes unstable
finite-f drift waves when analyzed for high m modes [16,18,191 and describes tearing
modes when analyzed for low m modes [13,14]. By recasting this system into
cylindrical geometry, the stability of the m = 1 mode can be studied. Similarly,
by including toroidal curvature drift effects, the stability of ballooning modes can
be studied. The effects of turbulent diffusion and runaway electrons on the m = 1
mode and ballooning modes has not yet been determined. The present study has
been concerned solely with the m = 2 (or higher) tearing mode.
The effects of turbulent electron diffusion were incorporated into the model by
applying the NSA [17] to the collisionless DKE for electrons. The tearing mode was
implicitly assumed to exist in a plasma containing a background of drift wave tur-
bulence. The presence of these turbulent drift waves produced overlapping phase
space islands which, in turn, led to the production of stochastic electron orbits.
The effect of these stochastic orbits was to produce very fine scale spatial structure
in the perturbed electron distribution function. The NSA procedure amounted to
performing a "coarse-grain" spatial averaging over this fine microscale structure
resulting from stochastic orbits. Essentially, the NSA replaced the nonlinear terms
in the orbit operator of the DKE with a spatial diffusion operator, -Dd 2 /la 2 .
This reduced the DKE to a linear equation which can then be solved for the per-
turbed electron distribution. The qualitative behavior of the NSA was preserved
by replacing the diffusion operator in the DKE with an effective diffusive frequency,
-Da2/qX2 -, w, = [(kflve) 2 D/3] 1/ 3 . This was referred to as the Krook apkroxi-
mation. This approximation greatly simplified the mathematical treatment.
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The ion response was given according to the linearized Vlasov equation.
Quasineutrality and the perturbed parallel Ampere's law were used to give a coupled
set of equations for e and A. Since these equations were self-adjoint, a variational
integral was formed. This variational integral was used in the calculation of the
dispersion relation of the tearing mode.
Moments of the NSA version of the DKE were performed in order to derive a
fluid model which was equivalent to the NSA kinetic theory. This gave a fluid model
in which radial turbulent diffusion of the density appeared in the continuity equation
(zeroth moment) and radial turbulent diffusion of the momentum appeared in the
momentum equation (first moment). Essentially, under the Krook approximation,
the fluid theory (and, hence, the NSA kinetic theory) diffuses both the perturbed
density and the perturbed momentum at equal rates given by the effective diffusion
frequency, w,. This fluid theory gave the same results as the kinetic theory when
the dispersion relations for the tearing mode were calculated.
Both numerical and analytical results indicate the tearing mode to have a real
frequency equal to the electron diamagnetic frequency and a growth rate given by
-A'(a x) - a2 (L)1/2} (7.1)
rVe )i L)
where a, and a2 are numerical constants on the order of unity. Since the real
frequency is given by Wr = w.e indicates that the tearing mode is, in fact, an
electron drift wave driven unstable by the equilibrium current gradient. Here, the
first term on the right of Eq. (7.1) is the contribution from the electron magnetic
terms and is similar to the basic collisionless tearing mode [8] result (-I A'(0))
modified to include diffusive electron effects. The second term on the right ii the
contribution from ion electrostatic terms. Physically, the first term represents the
free magnetic energy in the outer region (lxl > x,) available to drive the tearing
mode. The second term represents the energy required to maintain the ion motion.
Since this mode now has a finite real frequency, energy is needed to sustain the ion
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motion, whereas in resistive MHD, the mode is purely growing. At low densities
the first term dominates, indicating that the tearing mode can be stabilized for
suffiiently large values of the electron diffusion coeffient. At high densities, the
second term becomes important and consequently the tearing mode can be stabilized
for sufficiently high /j.
Numerical calculations of A'(x) for Alcator C profiles indicate that A'(x) is a
monotonically decreasing function of x with A'(0) > 0. Hence, for low densities,
stability is obtained for aIx, > W, where A'(W) = 0 and aI is a numerical constant.
This stability criterion can be written as De > 3kr've(W/ai)3 with k' = mq'/Rq2,
where the functional dependence of W on the profile quantities must be determined
numerically. This equation indicates that increased turbulent electron diffusion
stabilizes the tearing mode. Consequently, if De - 1/n, then there exists some
critical density below which the tearing mode is stabilized. Theoretically predicted
values of the critical density are in approximate agreement with experimental values;
however, the experimental scaling [7] of n, ~ B 2 has not been explicitly derived
unless De ~ B 2 . (Note that for the parameters a ~ 20 cm, LS/L, ~ 20, W/a ~ .05
and Te = 1 Kev, then stabilization occurs for De > 104 cm 2 /sec.)
A related analysis reported by Meiss et al. [72] also treated the problem of the
effect of electron diffusion on the tearing mode. They arrived at a very different
conclusion, however; namely, that diffusion has virtually no effect on the tearing
mode nor did they find the additional stabilizing term due to ion inertial effects.
The results of the present work for the "magnetic" tearing mode (neglecting the
effects of a finite electrostatic potential) differ only by the inclusion of the addi-
tional physical effect of turbulent smearing of the perturbed current which thus
reduces the available energy to the value A'(a 1 xc). The analysis by Meiss et al.,
by asymptotically matching an inner solution to an ideal MHD solution at large
x, intrinsically contained the full MHD energy, A'(0), and could not consider this
effect. Besides the difference that Meiss et al. ignored the the stabilizing effect of ion
inertia, their results agree with the above results of the "magnetic" tearing mnode
except for the phenomena of turbulent smearing of the perturbed current.
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The effects of runaway electrons were introduced into this model by replacing
the drifted Maxwellian electron equilibrium distribution with a runaway-type equi-
librium distribution. For simplicity, the runaway distribution was modelled by a
monoenergetic beam of fast electrons on the tail of a Maxwellian. Analytical results
indicate that the presence of runaway electrons shift the real frequency of the mode
from W*e to W , + 5Wb, where
~Wb fnb Vb L. (7.2)
w., 2 no v, Lj
This frequency shift can be viewed as a Doppler shift of the dissipative response
of the electrons resulting from the motion of the beam electrons relative to the
laboratory. In turn, this frequency shift led to the appearance of an additional sta-
bilizing term in the expression of the growth rate. The growth rate is approximately
modified to read
k'pivf 1 (L 1/2 (m 1  1/2 L8 bub
~ -:-) -I I- a1 - ,e) L, Wc (7.3)
7rV, 0 r L, m, L1_ We
where a 3 is a constant of order unity. This stabilizing term resulting from the beam
electrons represents the energy required to maintain the particle oscillation at the
shifted frequency We + bwb. The above expression is qualitatively supported by the
numerical calculations.
In a tokamak plasma, runaway electrons (or a significant population of fast
electrons) is only observed at low densities. As the density increases, the fast
electron population relaxes back to the bulk population due to the increase in
collisionality. Hence, the additional stability provided by the fast electrons is a-low
density phenomenon, and this effect should diminish as the bulk plasma density is
raised.
The growth rate as expressed by Eqs. (7.1) and (7.3) also indicates that at:high
densities, the tearing mode can also be stabilized due to the effects of ion inertia.
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Assuming the effect of electron diffusion and runaway electrons can be ignored, this
stabilization takes the form of specifying a critical ion 0, above which the tearing
mode is stabilized. Setting x, = 0, this critical 3 is given by
31 > AO 1 AO A'(0). (7.4)
Here, Ao is normalized in units of the ion gyroradius. (Note that for the parameters
AOa ~ 20, pi/a ~ .002, L,/L, ~ 20 and r ~ 1, then #c 10-2.)
The result of stabilization at ion betas above some critical value, /3~
A (L,/ L,) , was calculated previously by Basu and Coppi [111 through a ki-
netic treatment utilizing asymptotic analysis. The work of Basu and Coppi [11]
and of Coppi et al. [10] also modified this result to include the effects of finite
temperature gradients in which they found stabilization to occur when the ion beta
exceeded a critical value of 3, ~ A(L,/L,) 2 Ie. Here Ie is a function of the electron
temperature gradient whose magnitude is on the order of unity. This critical ion
beta is much lower than that occurring in the absence of temperature gradients,
indicating that the effects of finite temperature gradients on the m = 2 mode are
strongly stabilizing. A recent analysis by Drake et al. [12 based on the Braginskii
fluid equations [36] including the effects of finite temperature gradients also gave a
result of the form 3, ~ Ao(Ln/L,) 2 Ie for the onset of stabilization. (Note that for
the parameters A~a 20, pi/a ~ .002, L,/L, ~ 20, then 0, ~ 10-4.)
In comparing the above expression for the growth rate for the tearing mode,
Eq. (7.3), to present tokamak experiments, it is important to note the following:
The energy drive for the tearing mode, and hence its stability, is determined largely
by the parameters A' and W. The actual values of A' and W are fairly sensitive
functions of the equilibrium current profile, the magnetic shear and the position of
the rational surface. In general, A'O increases for more "rounded" current profiles
and decreases as the rational surface moves toward the edge of the plasma [31-32).
Generally, A'a < 100 and more typically A'a ~ 20-30 [12]. The island saturation
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width W also increases for more "rounded" profiles and the value of W is maximum
in the middle region between r = 0 and r = a [33,34". Generally, W/a < .5 and more
typically W/a .1 [34]. The stabilization criterion for turbulent electron diffusion
occurs for ajx, > W and is independent of A%. This criterion can be written as
W__ Ln a2D > 3m (Wav (7.5)
ala L, L2
Using the parameters pi/a ~ .002, a ~ 20 cm, a, ~ 4, W/a ~ .05, L,/L, ~ 20 and
T ~ 1 keV indicates stabilization for D > 104 cm 2 /sec. This in turn gives values for
the density threshold on order of those observed in Alcator C. Notice that the value
of D necessary for stabilization scales as W 3 ; hence, diffusion can only suppress
"small" islands. Ion inertia provides stabilization for values of 3 given by
0> (A' a) (L) 1/2 VT=O (7.6a)
in the absence of temperature gradients [ 11; and for values of 3 given by
P,'~i L,
> (A1a) (L VTO (7.6b)
including finite temperature gradient effects [12]. For a value of shear given by
L,/L, ~ 20, notice that the # threshold for stability is smaller when finite temper-
ature gradients are included by the factor 10-2. Also notice that the 3 threshold is
linearly proportional to A'. Since tearing modes are observed in Alcator C when
/3 ~ 5 x 104, p,/a ~ .002 and L/L, ~ 20 indicates that the equilibrium profiles
must be strongly MHD unstable with At'a ~ 100. To examine the effect of runaway
electrons, notice that stability is obtained, according to Eq. (4.101), for
)< a2 + a3  Mi 1/2 / L, 1/2 We (77)
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for VT #0.
Recall from Ch. 4 that the effect of runaway electrons is to provide a stabilizing
correction to the particle inertia term, as indicated above. For 6 wb/w, ~ 10-2,
W-e/iu ~ 10-1 and L,/L, - 20, then the runaway term is a correction of order
w-e/uc ~ 10' to the particle inertia stabilization. Hence, the runaway correction
is only significant in a low density discharge when the leading order contribution
from A'(a 1 xc) nearly cancels the leading order ion inertia term; that is, when
A'(aixc) - a 2 3 = bA' > 0, where 6A'/A' - w ,/we. In this case, runaway electrons
will stabilize the mode provided bA' < (miL,/meL) 1/ 2 as#bwb/wc.
In summary, the tearing mode is stabilized at low densities for sufficently large
values of the turbulent electron diffusion coeffrient, De, and at high densities sta-
bilization is obtained for suffriently large values of Oi. For low 3i, in which one
can approximate y ~ A'(apxe), then stability is obtained when x, > W, where
A'(W) = 0. Provided De - 1/n, this implies that a density threshold must be sur-
passed before the m = 2 tearing mode is observed. Physically, turbulent electron
diffusion prevents a perturbed current from forming within a correlation distance,
zX, of the rational surface. Hence, turbulent diffusion cuts into the available mag-
netic driving energy, A'. At high plasma 3, the effects of ion inertia become impor-
tant. At high densities in which the effects of electron diffusion become negligible,
then this ion inertia effect implies that the tearing mode is again stabilized for '3i
above some critical value. In addition, the existence of a fast electron population
at low densities further enhances stability. The fast electrons provide an additional
frequency shift bWb and more energy is required to maintain the particle oscillation.
These results indicate that it may be possible for a tokamak experiment to operate
in a parameter regime such that the tearing mode is stabilized at all densities. This
results from the combined effects of turbulent diffusive stabilization and runaway
electron stabilization at low densities, and ion inertial stabilization at high densities.
Making this work in practice would be an important step toward the elimination of
major disruptions in tokamaks.
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Chapter 8
SUGGESTIONS FOR FUTURE STUDY
8.1 Tokamak Plasma
This study has examined the stability of the m = 2 tearing mode in the slab
geometry equivalent of a tokamak plasma. The results for the effect of turbulent
electron diffusion on the tearing mode are quite complete. A relatively simple
expression for the growth rate was determined from the leading order terms from
the variational calculation of the dispersion relation. This expression for the growth
rate is easily interpreted in physical terms and it has been verified in detail by
numerical calculation. #
The results for the effect of runaway electrons on the tearing mode are not as
clear as those examining the turbulent diffusive stabilization. From an analytical
point of view, in order to determined an expression for the growth rate including
the effects of the fast electrons, it was necessary to calculate higher order corrective
terms to the basic turbulent diffusive dispersion relation. That is, the effects of the
fast electrons are seen as order We/Wc corrections to the dispersion relationship.
Since the growth rate was determined via a variational calculation, there is a greater
amount of uncertainty in the runaway results than there is for the basic turbulent
diffusive growth rate. Hence, it is important to verify the results for the runaway
growth rate expression numerically. This has not yet been done in detail. Thus, the
first step in a future study of the runaway tearing mode is to continue solving the
coupled equations numerically using the shooting code in order to verify the param-
eter scaling appearing in the analytical expression. Once the analytical expression
has been suitably verified, the effect of runaway electrons on the tearing mode could
be further improved by using a more realistic runaway distribution (and including
relativistic effects) for the equilibrium than the simple monoenergetic electron beam
used in this study.
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The m 2 tearing mode is only one of many low-frequency, low-beta fluctua-
tions that the coupled equations of Ch. 2 for e and All, Eqs. (2.30), are capable of
describing. Originally, these coupled equations were used to study finite-beta drifted
waves in the absence of an equilibrium current (16,18,191. By recasting these equa-
tions in cylindrical geometry, it would be quite easy to study the effects of turbulent
diffusion and runaway electrons on the m = 1 internal kink mode. Furthermore, if
the toroidal curvature guiding center drift was included in the model, the effect of
turbulent diffusion and runaway electrons on the stability of the ballooning mode
could be determined. The ideal starting point for a first calculation of these effects
on the m = 1 mode and the ballooning mode would be the fluid model present in
Ch. 5. This would provide the simplest and fastest way of determining an approx-
imate dispersion relation for these instabilities, including the effects of turbulent
diffusion and runaway electrons.
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8.2. Magnetotail Plasma
The Earth's magnetotail develops due to the interaction of the magnetic dipole
field of the Earth with a southward pointing interplanetary magnetic field (IMF)
carried by the solar wind [731. Since the IMF is southward,,an X-point (a null point)
forms in the magnetic field on the dayside of the Earth. Due to the momentum of
the solar wind, the magnetic lines, which have torn to form an X-point, are carried
with the solar wind to the nightside of the Earth where they for an elongated
magnetotail (see Fig. 8.1). As more and more of the dayside magnetic flux is torn
and wrapped around to the nightside of the Earth, the magnetotail becomes more
elongated and narrower. This process continues until the magnetotail becomes too
"stretched", thus developing a topology which becomes unstable and subject to
spontaneous reconnection [1,2,26]. Such an elongated and unstable magnetotail
is somewhat similar to an one-dimensional current sheet, the latter being always
unstable to the tearing mode [74]. Figure 8.2 depicts the reconnection process in a
current sheet and in a magnetotail geometry.
The question as to how elongated and how stretched the magnetotail must
become before there exists suffrient free magnetic energy to drive a tearing process
has been studied in detail by Schindler [26). Consider a coordinate frame such
that the magnetotail is elongated in the x-direction and whose current flows in the
y-direction as shown in Fig. 8.3. As is discussed above in the case of magnetic
tearing in a tokamak, the bulk of the plasma in the magnetotail can adequately
be described by ideal MHD - it is only in a small region about the neutral sheet
(where B, = 0) where the non-ideal effects of dissipation become important. As
is mentioned previously, the available free energy, which is necessary to drive the
tearing instability, is determined by the global magnetic topology in the regions
away from the neutral sheet. Hence, a particular magnetic structure can be analyzed
using ideal MHD to determine if there exists free energy which is necessary to drive a
spontaneous reconnection process. As is pointed out by Schindler [26], the existence
of global free magnetic energy is not enough to assure that a reconnection process
will occur-there must also exist a suffriently strong dissipation mechanism within











Basic forms of spontaneous reconnection: (a) the tearing instability in a pFasma






Schematic illustration of the magnetotail. The x-coordinate is positive in the anti-
solar direction.
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this dissipation mechanism, even in magnetic structures which provide global free
magnetic energy. is currently a question of debate [2].
Most studies concerned with the details of the dissipation within the region
about the neutral sheet assume that the global equilibrium has already developed
into a state which provides free magnetic energy [1,62,75-77]. As done in previous
chapters, it is possible to define a quadratic form from Ampere's law to represent
the energy drive for the reconnection mechanism [8,24,25,621:
6W = Jdx[IV[2 _ A](81
where j is the ideal MHD perturbed current. Here, 6W < 0 indicates that there is
suffkient free energy in the outer region, which is necessary for the existence of the
tearing instability.
A common model often used for the equilibrium which will provide free energy
is given by [1,9]
BO. = Botanh(z/A). (8.2)
In ideal MHD, the equilibrium current is given by Jo = Jo(Ao), where BO -
V x AoeY. The perturbed current given by ideal MHD is simply J= (dJo/dAo)A,
which for the above equilibrium model is then
47r - 47r di 0 -j 2 2(ZAA
-d 0  X=sech (z/A)A, (8.3)C c d AO 2
where the form for the fluctuation potential is assumed to be
A A(z) exp-It cos (kx)ey. (8.4)
The linearized form of Ampere's law for A can then be solved 120,77] to give
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B1  tah(zI/A)~ 85(Z) = k exp(-klz) 1 + tanh( (8.5)
Using the above expression, the quadratic form, given by Eq. (8.3), can be
evaluated. One finds that there exists free energy, 6W < 0, provided k2 A2 < 1.
Hence, the equilibrium given by Eq. (8.2), when analyzed globally using ideal
MHD, will provide free energy to perturbations with suffiently long wavelengths
in the x-directions along the tail.
Coppi et al. [1] considered such an equilibrium along with a dissipation mecha-
nism in the region about the neutral sheet. They argued that in a thin region about
the neutral sheet, of thickness d = (rLA) 1/2 , where rL is the mean particle Larmor
radius, the plasma particles behave as if they were unmagnetized [1,78]. The parti-
cles in this thin layer then provide collisionless dissipation due to the wave-particle
resonance interaction (Landau damping). Since 6W < 0 for k2 A2 < 1, this mode is
a negative energy mode. Hence, this mode will become unstable in the presence of
positive dissipation provided by Landau damping of particles in the unmagnetized
region near the neutral sheet. Characteristic growth rates [1,76] for this instability
are given by
kvth(rL/A)3 /2 , (8.6)
where Vik is the particle thermal speed. The mode resulting from electron (ion)
dissipation is referred to as the electron (ion) tearing mode.
This situation changes, however, if the component of the equilibrium magnetic
field normal to the current sheet, B4, is considered [62,76]. In this case, the alec-
trons in the thin region about the neutral sheet no longer behave as unmagnetized
particles; rather, they gyrate about this normal field. The primary response of the
electrons is then an adiabatic response, and the dissipative wave-particle interac-
tion is suppressed. The adiabatic response of the electrons adds a large stabilizing
201
term to the quadratic form, bW Coroniti (621 approximated 6W, including the
effects of B, 7 0, to be
W = C fdAo Ik2A2 _1+ B, . (8.7)
The first two terms in the above expression represent the global ideal MHD energy,
as in Eq. (8.1). The last term represents the energy required to sustain the adiabatic
motion of the electrons and is strongly stabilizing.
Galeev and Zelenyi [76] have studied in detail the effect of B, on the electron
response near the neutral sheet. When non-ideal MHD effects are included, the
linearized form of Ampere's law for the fluctuations can be written as
dz2 (k2 + Vo(z) + V1 (z, w, k)) A(z) = 0. (8.8).
Here, Vo = (47r/c)dJo/dAo = -(2/A 2 )sech 2 (z/A) and V1A = (47r/c)ji, where J1
represents the contribution to the perturbed current from particles in the region
near the current sheet.
Equation (8.8) is a Schrodinger equation and describes the behavior of the wave
function, A, in the presence of the potentials Vo and V1 , with the energy eigenvalue
E = -k 2. Here, V represents a potential well of width A. When V = 0, wave
functions can exist within this well and, hence, instability is possible. On the other
hand, the potential resulting from the adiabatic electrons near the neutral sheet,
V1 , takes the form of a potential peak or barrier centered about the -neutral sheet.
The width [76 of this barrier is given by
Aj= bjA (8.9)
where bj = (rLj /A)1/ 2 or B2/Bo, whichever is larger. (The subscript j refers either
to ions or electrons).
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Provided that the potential barrier, V1, is large enough. it is possible to exclude
the wave function, A, from existing within the potential well. In this case, the
mode is stabilized. Galeev and Zelenyi [76] conclude that the electron tearing
mode is completely stabilized by the normal magnetic field, whereas the ion tearing
mode may only be destabilized in a certain restricted range of values of the normal
magnetic field.
At present, theoretical studies of reconnection in the magnetotail find that the
tearing mode is stabilized by the effects of the normal field near the neutral sheet.
This may explain the observed "quiet times" during the presence of an elongated
tail structure. It is still a question of debate, however, as to the exact mechanism
triggering the tearing mode instability and the onset of substorms [2].
A possible effect of turbulent electron diffusion on the magnetotail tearing
mode is to provide a destabilization mechanism even if a normal magnetic field
component, B2, is present. As discussed above, the normal field B, introduces a
large stabilizing barrier V1 in a narrower region of order A, ~ (rL. A),/ 2 about the
neutral sheet. Here, rL, is the mean electron Larmor radius and A is the width of
the current sheet. In the magnetotail, rL - 4 km and A - 6 x 10 3 km and, hence,
A, ~ 150 km. By comparison, the diffusion layer from the observed electrostatic
noise is on the order of 3000 km. Turbulent diffusion would prohibit any structure
from forming on any scale length less than this diffusive layer width. Hence, the
potential barrier V1 would be eliminated. It is clear that turbulent diffusion may






perturbed parallel magnetic potential
b line bending term, k p
b unit vector along the magnetic field
B magnetic field
f 1  perturbed magnetic field
c speed of light
C, various constants, n = 0, 1, 2 -..
C+ constant characterizing the ideal MHD form of All
d ion term in the coupled equations for 4 and A1
D diffusion coefiuien t
e electron charge
E electric field
k5l perturbed parallel electric field
f function characterizing the ideal MHD solution for A
fc. particle distribution function of species a
9 function characterizing the ideal MHD solution for Al
9i non-adiabatic ion response
G diffusive Green's function characterizing the electron
response
he non-adiabatic electron response
I, electron resonance function, n = 0, 1, 2 ...
particle (plasma) current
k wavenumber
K, beam electron resonance function, n 0, 1, 2
L+ slope of the trial function Al
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length scales for the shear, equilibrium density and
equilibrium current
magnetic and electric integral forms
poloidal mode number
mass of species a
toroidal mode number


















particle resonance point of species a
diffusive correlation distance
plasma disperison function
variational parameter of trial function
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ion term in coupled equations for 0 and Zg
plasma beta of species a
magnetic and electric boundary terms
growth rate
F normalized growth rate
exponential times modified Bessel functions,
n = 0, 1, 2 ...
6 small variation
ideal MHD energy drive
small parameter
argument of plasma dispersion function
plasma resistivity
r7 normalized current gradient parameter
9 poloidal angle
K, beam electron resonance kernel
A current gradient parameter characterizing the ideal
MHD solutions
A eigenvalue drift wave linear dispersion relation
V collision frequency
argument of the plasma disperison function
P, gyroradius of particle a







X 2 ion term in coupled equations for 4 and Al
W eigenfrequency
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wc diffusive correlation frequency
Wt transit frequency
Pa plasma frequency of species a





[Q]o microscale ensemble average
(Q) angular average of Q
Q* complex conjugate of Q





Q+ expression for Q for x > 0
Q- _expression for Q for x < 0
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